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CiIN’TEH 1 

INTRODUCTION AND STATEMENT OF PROBLEM 

The localized f l o w  f i e l d s  induced around b u i l d i n g s  

and o t h e r  manmade o b s t r u c t i o n s  by t h e  s u r f a c e  winds have 

l ong  been of i n t e r e s t  i n  s t r u c t u r a l  d e s i g n ,  b u t  more 

r e c e n t l y ,  a tmosphe r i c  motion i n f l u e n c e d  by such  o b s t a c l e s  

h a s  become i m p o r t a n t  i n  the  d e s i g n  o f  a i r p o r t s ,  launch pads 

and other  l a n d i n g  f a c i l i t i e s  f o r  a i r c r a f t  and s p a c e c r a f t .  

O f  p a r t i c u l a r  i n t e r e s t ,  i n  view of the  r a p i d l y  i n c r e a s i n g  

needs i n  commercial a i r  t r a n s p o r t a t i o n ,  i s  the  development 

of h e l i c o p t e r  and V/STOL s e r v i c e  i n  l a r g e  m e t r o p o l i t a n  areas. 

Because of t h e  p o s s i b i l i t y  of o p e r a t i n g  these a i r c r a f t  f r o m  

the t o p s  of b u i l d i n g s ,  the problem of  a n a l y z i n g  b u i l d i n g -  

induced  f low f i e l d s  a t t a i n s  a new impor tance .  

Many d i f f i c u l t i e s  are invo lved  i n  o p e r a t i n g  l o w  speed  

a i r c r a f t  n e a r  b u i l d i n g s  s u c h  a s  s e v e r e  c rosswinds ,  induced 

v o r t e x  f i e l d s ,  r e g i o n s  of  s e p a r a t e d  f low,  and o t h e r  uns teady  

f l o w  phenomena which make t akeof f  and l a n d i n g  ex t remely  

hazardous .  The re  a r e  t w o  p o s s i b l e  approaches  t o  minimizing 

t h e  d a n g e r s  of these problems: t he  f i r s t  i s  r e l a t e d  t o  

improvements i n  t h e  d e s i g n  of the a i rc raf t  and o p e r a t i n g  

p r o c e d u r e s  d u r i n g  t a k e o f f  and l and ing ;  and t h e  second 

attacks t h e  s o u r c e  of t h e  f low d i s t u r b a n c e s  by modifying 

a i r p o r t  d e s i g n  i n  an e f fo r t  t o  reduce o p e r a t i o n a l  problems 



created by , t h e  wind (1) .l 

r e q u i r e s  a de ta i led  knowledge o f  t h e  flow f i e l d  and  tu rbu-  

l e n c e  imposed on b u i l d i n g s  and o t h e r  s t r u c t u r e s  n e a r  t h e  

ground. 

However, each  of  t h e s e  approaches  

One method f o r  s a t i s f y i n g  t h i s  neec? f o r  q u a n t i t a t i v e  

d e s c r i p t i o n s  of l o c a l i z e d  f l o w  f i e l d s  s u r r o u n d i n g  a i r c r a f t  

l a n d i n g  s i tes ,  i s  t o  make e x t e n s i v e  measurements around 

e x i s t i n g  f a c i l i t i e s ,  b u t  t h e  problems o f  l o c a t i n g  s e n s o r s  i n  

t h e  m o s t  advantageous  l o c a t i o n s  t o  measure c r i t i c a l  f low 

pa rame te r s  and t h e  vas t  amount of data r e q u i r e d  for  such  a 

d e s c r i p t i o n ,  make t h i s  method h i g h l y  i m p r a c t i c a l .  F u r t h e r -  

more, such d e t a i l e d  measurements around e x i s t i n g  a i r p o r t s  

are o f  l i t t l e  v a l u e  i n  t h e  d e s i g n  of new s t r u c t u r e s  w i t h o u t  

a d d i t i o n a l  t h e o r e t i c a l  work t o  e s t a b l i s h  s i m i l a r i t y  r e l a t i o n -  

s h i p s  between t h e s e  f low f i e l d s .  

I n  c o n s i d e r i n g  e l e v a t e d  V/STOL p o r t s ,  i n t e r e s t  i s  

p r i m a r i l y  concerned w i t h  t h e  f l o w  a round b u i l d i n g s ;  however, 

a t  p r e s e n t ,  i n v e s t i g a t i o n s  are l i m i t e d  t o  q u a l i t a t i v e  

d e s c r i p t i o n s  o f  t h e  e f f e c t s  of i so l a t ed  s t r u c t u r e s  and 

groups of b u i l d i n g s  on a t m o s p h e r i c  mot ions .  A number o f  

t h e s e  d e s c r i p t i o n s  are g i v e n  i n  Refe rences  ( 1 1 ,  (2), ( 3 )  and 

( 4 )  d i s c u s s i n g  such  d i f f i c u l t i e s  as t h r e e - d i m e n s i o n a l  

effects ,  s e p a r a t e d  and wake f l o w s ,  i nduced  vo r t i ce s ,  t h e  

e f f e c t s  o f  s h e a r  and i n t e r a c t i o n  of t u r b u l e n c e  w i t h  s t e a d y  

'Numbers i n  p a r e n t h e s e s  refer t o  s i m i l a r l y  numbered 
references i n  t h e  b i b l i o g r a p h y .  
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f low phenomena, and other c o m p l e x i t i e s  which f u r t h e r  empha- 

s i z e  t h e  n e c e s s i t y  f o r  t h e o r e t i c a l  approaches  t o  the  prob- 

l e m s  o f  a tmospher ic  motion over  s u r f a c e  o b s t r u c t i o n s .  

I n  view of t h e  above c o n s i d e r a t i o n s  and the impor tance  

of such  f lows  t o  aerodynamic des ign ,  the need for  an a n a l y t -  

ical  method f o r  p r e d i c t i n g  l o c a l  a tmosphe r i c  motions 

i n f l u e n c e d  by b u i l d i n g s  and other su r round ing  t o p o g r a p h i c a l  

f e a t u r e s  i s  obvious.  

I n  f o r m u l a t i n g  a model t o  comple te ly  describe t h i s  

compl ica ted  f l o w  s i t u a t i o n ,  t h e  complete  e q u a t i o n s  of motion 

f o r  t u r b u l e n t  f l o w  must be considered. However, p r a c t i c a l  

methods f o r  c a r r y i n g  o u t  a s o l u t i o n  of such  e q u a t i o n s  are 

l i m i t e d  t o  numer ica l  approaches which are a t  p r e s e n t  i n  t h e  

ve ry  e a r l y  developmental  stages (51, (6) and ( 7 ) .  F u r t h e r -  

m o r e ,  t h e  ex t r eme ly  h igh  f i n a n c i a l  costs i n  computing t i m e  

and t h e  r e s t r i c t i o n  of these s o l u t i o n s  t o  s p e c i f i c  problems 

l i m i t  t h e  u s e  of t h i s  method. 

An a l t e r n a t i v e  approach fo r  approximat ing  a tmosphe r i c  

motions o v e r  s u r f a c e  o b s t r u c t i o n s  i s  t o  ex tend  t h e  c o n c e p t s  

o f  boundary l a y e r  t h e o r y ,  which have been ve ry  s u c c e s s f u l  i n  

d e s c r i b i n g  aerodynamic f l o w  over  s u r f a c e s  of s m a l l  c u r v a t u r e  

w h e r e  v i s c o u s  r e g i o n s  are t h i n .  I n  m e t e o r l o g i c a l  work, t h e  

boundary l a y e r  concept  has  been a p p l i e d  to  wind f l o w  over 

changes  i n  t e r r a i n  roughness ( 8 ) ,  ( 9 )  and (IO) and wind 

s c r e e n s  (11) and (121, by i n t r o d u c i n g  t h e  idea of t h e  d i s -  

t u r b e d  boundary l a y e r .  

Cons ider  a f u l l y  developed t u r b u l e n t  shear f l o w  
3 



approaching a discontinuity in surface C G : i d i t i G f i  such as a 

change in surface roughness, as shown in Figure 1. Because 

the disturbance is convected downstream and diffuses 

vertically, it is assumed that at great distances upstream 

and large heights downstream of this discontinuity, the flow 

is unaffected by the change in surface roughness. The Ekman 

layer may experience an adjustment in height through the 

scaling relationship h - u,/f, where u, is influenced by zo, 

however, this is not expected to affect the flow appreciably 

in the region of interest. This assumption leads to a region 

of influence surrounding the downstream roughness, outside 

of which the flow is characteristic of approach conditions. 

Very near the ground, however, the boundary layer is governed 

by local surface conditions with the outer flow exerting an 

influence only through the boundary conditions between the 

two regions (13). 

Although the disturbed boundary layer concept holds a 

great deal of promise, there is little evidence that this 

approach has been applied to flow over buildings and other 

surface obstructions. Therefore, the purpose of this study 

is to investigate the use of this boundary layer concept in 

approximating, the localized flow field induced around a 

surface obstruction by the impinging wind. Although the 

method developed within this study can, in general, be 

applied to flow over any two-dimensional body, the solutions 

given will be limited to semi-elliptical cylinders. 
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CHAPTER I1 

ANALYSIS O F  ATMOSPHERIC FLOW OVER SURFACE 

OBSTRUCTIONS BY THE TURBULENT 

BOUNDARY LAYER APPROACH 

I n  a p p l y i n g  t h e  c o n c e p t s  of  boundary l a y e r  t h e o r y  t o  

a tmosphe r i c  motions o v e r  s u r f a c e  o b s t r u c t i o n s ,  t h e  f o l l o w i n g  

two-dimensional model w i l l  be assumed. Cons ider  a un i fo rm 

t e r r a i n  of i n f i n i t e  e x t e n t  on which a s u r f a c e  o b s t r u c t i o n  i s  

l o c a t e d  i n  t h e  form of a s e m i - e l l i p t i c a l  c y l i n d e r  as shown 

i n  F igu re  2 .  The e l l i p t i c a l  c o n t o u r  i s  chosen p r i m a r i l y  

because  i t s  geometry s i m u l a t e s  l o w  b u i l d i n g s  o r  h i l l s  and 

p e r m i t s  p a r a m e t r i c  v a r i a t i o n s  o f  t h e  a s p e c t  r a t i o .  I n  

a d d i t i o n ,  t h e  i n v i s c i d  flow f i e l d  around such  an o b s t r u c t i o n ,  

r e q u i r e d  f o r  l a te r  a n a l y s i s ,  i s  w e l l  e s t a b l i s h e d  i n  p o t e n t i a l  

f low t h e o r y .  

The Nature  of t h e  ApproachinyWind - 

Assuming t h a t  t h e  homogeneous t e r r a i n  e x t e n d s  f a r  

ups t ream from t h e  e l l i p t i c a l  o b s t r u c t i o n ,  t h e  v i s c o u s  n a t u r e  

of t h e  a tmosphe r i c  motion o v e r  t h e  ground p roduces  g r a d i e n t s  

i n  t h e  mean wind v e l o c i t y .  F o r  c o n d i t i o n s  of n e u t r a l  

s t a b i l i t y  e x p e r i m e n t a l  e v i d e n c e  ( 2 9 )  and ( 3 0 )  c o n f i r m s  t h a t  

t h e  mean wind v e l o c i t y  i n  t h e  r e g i o n  o f  t h e  a tmosphere  

n e a r  t h e  ground i s  d e s c r i b e d  by a l o g a r i t h m i c  e x p r e s s i o n  

ana logous  t o  aerodynamic measurements o f  t u r b u l e n t  boundary 
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l a y e r s .  For  smooth s u r f a c e s  t h i s  l o g a r i t h m i c  d i s t r i b u t i o n  

is g i v e n  by t h e  w e l l  known " l a w  o f  t h e  w a l l "  (141, 

where K i s  t h e  u n i v e r s a l  von Karman c o n s t a n t ,  C i s  a n o t h e r  

e m p i r i c a l  c o n s t a n t ,  and u* i s  t h e  f r i c t i o n  v e l o c i t y  d e f i n e d  

i n  terms of t h e  s u r f a c e  s h e a r  stress as 

T h i s  u n i v e r s a l  v e l o c i t y  d i s t r i b u t i o n  w a s  f i r s t  

o b t a i n e d  by P r a n d t l  as a consequence o f  h i s  c lass ica l  con- 

c e p t ' o f  t h e  mixing  l e n g t h  f o r  t u r b u l e n t  s h e a r  f l o w s .  The 

v a l i d i t y  o f  Equa t ion  1 i m p l i e s  a r e g i o n  of c o n s t a n t  s h e a r  

n e a r  t h e  w a l l  i n  which t h e  mixing l e n g t h  i s  assumed propor-  

t i o n a l  t o  t h e  normal d i s t a n c e  from t h e  s u r f a c e  approach ing  

zero a t  t h e  smooth s u r f a c e .  (A d i s c u s s i o n  o f  t h e  mixing 

l e n g t h  t h e o r y  w i l l  be g i v e n  i n  a l a t e r  s e c t i o n  of t h i s  

i n v e s t i g a t i o n . )  

I n  c o n s i d e r i n g  t h e  m o r e  g e n e r a l  case o f  a rough s u r -  

f a c e ,  t h e  l o g a r i t h m i c  v e l o c i t y  d i s t r i b u t i o n  g i v e n  above, must 

be a l t e r e d  t o  i n c o r p o r a t e  roughness  i n t o  t h e  f low n e a r  t h e  

s u r f a c e .  Roughness i s  a c h a r a c t e r i s t i c  o f  most n a t u r a l  

t e r r a i n s  which i s  g e n e r a l l y  d e s c r i b e d  i n  terms of a v e r t i c a l  

l e n g t h  sca le ,  zo. 

h e i g h t  of t h e  i n d i v i d u a l  roughness  e l e m e n t s ,  b u t  i s  a l so  

s t r o n g r y  dependent  on t h e  geometry and d i s t r i b u t i o n  o f  t h e  

T h i s  l e n g t h  scale is re lated t o  t h e  
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roughness  ove r  the  s u r f a c e .  

i n  Table I f o r  d i f f e r e n t  t y p e s  of s u r f a c e  t e r r a i n .  

Typ ica l  v a l u e s  of zo are g iven  

The s u r f a c e  roughness  causes  a n  i n c r e a s e  i n  t h e  

d i s s i p a t i o n  of momentum n e a r  t h e  ground by l a r g e r  v i s c o u s  

losses and more i n t e n s e  t u r b u l e n t  a c t i o n .  However, these 

effects become impor t an t  o n l y  for  s u r f a c e s  on which the  

c h a r a c t e r i s t i c  l e n g t h ,  zo, exceeds u/u,. I n  t h i s  case, t h e  

m i x i n g - l e n g t h  does n o t  van i sh  n e a r  t h e  w a l l  b u t  approaches 

t h e  s i z e  of t h e  roughness (15), and i s  g i v e n  by t h e  

f o l l o w i n g  e x p r e s s i o n :  

Assuming t h a t  t h e  s u r f a c e  roughness i s  uni formly  d i s t r i b u t e d  

over t h e  ground i n  a random manner, t h i s  r e l a t i o n  for  t h e  

mixing length .  leads t o  a l o g a r i t h m i c  v e l o c i t y  of t h e  

f o l l o w i n g  f o r m :  

T h e r e f o r e ,  f a r  upstream f r o m  t h e  e l l i p t i c a l  o b s t r u c t i o n ,  t h e  

f l o w  f i e l d  is  described by t h e  above e q u i l i b r i u m  e q u a t i o n ,  

va l id  f o r  f low ove r  a uniform, rough s u r f a c e .  

Governing Equat ions  fo r  Atmospheric F l o w  

The govern ing  e q u a t i o n s  for  s t e a d y ,  mean incompress- 

i b l e  f l o w  w i t h i n  t h e  atmospheric  boundary l a y e r  are w e l l  

e s t a b l i s h e d  i n  meteorlogical l i t e r a t u r e  ( 1 6 )  and are s ta ted 

i n  t h e  fo l lowing  r e l a t i o n s h i p s :  

9 



TABLE I 

ROUGHNESS LENGTHS FOR VARIOUS TYPES O F  TERRAIN 

S u r f a c e  Roughness 
T e r r a i n  Type Length (zo) i n  Meters 
~ ~ ~ -~ ~ -~ ~~ 

Ice and snow - 7 

Smooth mud flats 

Sand f l a t s  

Bare s o i l s  

4 

5 

Thick g r a s s  L 0 . 1 0  meters 0.02 

T h i n  grass  5 0 . 5 0  meters 0 .05  

T h i c k  g r a s s  c_ 0 . 5 0  m e t e r s  0 . 0 9  

F i e l d  c r o p s ,  t a l l  g r a s s  7 1 m e t e r  0 . 1 0  - 0 . 1 4  

F o r e s t s ,  houses  1 . 0 0  - 2 . 0 0  

C i t i e s  1 . 0 0  - 3 .00  
- ---- ._ -- ----=- -- -_ -_ 

Source :  G .  H .  F i c h t l ,  "Can T u r b u l e n t  Drag Force  
Expansions Apart?"  Pape r  p r e s e n t e d  a t  ASCE N a t i o n a l  Water 
Resource Conference E n g i n e e r i n g  Meet ing,  A t l a n t a ,  Georg ia ,  
J anua ry  24-28, 1 9 7 2 .  
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C o n t i n u i t y  e q u a t i o n  

a: aV aG - + -  + - = o  ax ay az  

Momentum e q u a t i o n s  
- 1 a j  a -  

- a i i  -aG+G--=-- + -  7: + fV ax a 2  xz 
PO 

az 
u - + v -  

aY ax 

- - 
- fu  - a; - av - av i g  a -  u - + v -  + w - = - -  + -  

ax aY az  Po ay az TYz 

- 
where f i s  t h e  C o r i o l i s  parameter ,  T is  a s h e a r  stress, 

and To d e n o t e  t h e  d e n s i t y  and t empera tu re  c o n s i s t e n t  w i t h  an  

adiabatic atmosphere.  The stresses due t o  eddies l y i n g  i n  

the h o r i z o n t a l  p l a n e  ( i .e . ,  T T ) have been n e g l e c t e d  i n  
XY' YX 

comparison w i t h  t h e  stresses a r i s i n g  from e d d i e s  l y i n g  i n  

t h e  v e r t i c a l  p l a n e  ( i . e . ,  T and T ) - The b a r  ove r  t h e  

dependent  v a r i a b l e s  i n d i c a t e s  an ensemble ave rage .  In con-  
xz Y Z  

s i d e r i n g  flow i n  t h e  l o w e r  r e g i o n s  of t h e  atmosphere certain 

assumpt ions  and s i m p l i f i c a t i o n s  can  be made i n  t h e s e  equa- 

t i o n s  and will now be d i s c u s s e d  i n  d e t a i l .  

Cor io l i s  E f f e c t s  i n  Atmospheric Shear  Flows 

The t e r m s  i n  Equat ions 5 and 6 given  by fu and f v  

r e p r e s e n t  t h e  a p p a r e n t  forces produced b y . t h e  Cor io l i s  

e f f e c t  on a tmosphe r i c  motions.  B e l o w  30-50 m t h e  s h e a r  

v i s c o u s  f o r c e s  predominate  and t h e  C o r i o l i s  f o r c e s  are  

g e n e r a l l y  n e g l e c t e d .  T h i s  is  d i s c u s s e d  by Tverskoi  (15)  



who a r g u e s  t h a t  below a f e w  t e n s  of meters t h e  i n t e g r a l  t e r m  

i n  

R ,  and the geographical  l a t i t u d e ,  4 ,  and i s  p r o p o r t i o n a l  t o  

t h e  v e l o c i t y  of t h e  motion c o n s i d e r e d .  I t  def lec ts  t h e  1 

3 
T(Z) - T(Z = 0 )  = f J ( U  - u )d;: 

0 4 

o b t a i n e d  by i n t e g r a t i n g  t h e  e q u a t i o n s  of t h e  g e o s t r o p h i c  

wind, is less t h a n  10 p e r  c e n t  of t h e  shear. For atmo- 

s p h e r i c  f l o w  which  o c c u r s  over much larger d i s t a n c e s ,  t h e  

e f fec ts  of t h e  r o t a t i o n  o f  t h e  ear th  must be c o n s i d e r e d  

however. The c o o r d i n a t e  sys tem on t h e  ea r th  i s  c o n s t a n t l y  

a c c e l e r a t e d  i n  an  i n e r t i a l  f rame ( f i x e d  r e f e r e n c e  f r a m e  

r e l a t i v e  t o  d i s t a n c e  s ta rs ) ,  hence ,  mot ions  which are 

a c t u a l l y  i n  s t r a i g h t  l i n e s  i n  t h e  f i x e d  c o o r d i n a t e  sys t em 

appear  from t h e  ground t o  t r a v e l  i n  a curved  p a t h .  The 

f i c t i t i o u s  C o r i o l i s  f o r c e  i n  t h e  r e l a t i v e  frame o f  r e f e r e n c e  

accoun t s  fo r  t h i s  a p p a r e n t  d e f l e c t i o n .  I n  magnitude t h e  

-b 
w h e r e  k is t h e  u n i t  vector i n  t h e  v e r t i c a l  d i r e c t i o n  and  f 

i s  t h e  C o r i o l i s  pa rame te r .  

Wi th  t h e  magnitude of t h e  C o r i o l i s  force d e t e r m i n e d  

12 



p r i m a r i l y  by t h e  v e l o c i t y  of the wind, i t s  r e l a t i v e  impor- 

t a n c e  i n  c o n t r i b u t i n g  t o  t h e  momentum of the  f l o w  c a n  be 

examined by c o n s i d e r i n g  the  other dominant forces which a c t  

upon t h e  atmosphere.  Ou t s ide  of t h e  v i s c o u s  r e g i o n  of t h e  

atmosphere,  which g e n e r a l l y  ex tends  t o  a h e i g h t  of abou t  one 

k i l o m e t e r ,  t h e  motion of  t h e  wind i s  t o  a s u f f i c i e n t  d e g r e e  

of approximat ion  de termined  by a b a l a n c e  of t h e  Coriolis 

f o r c e  and t h e  p r e s s u r e  g r a d i e n t .  However, as t h e  e f f e c t s  of 

f r i c t i o n  become s i g n i f i c a n t  w i t h i n  t h e  boundary l a y e r ,  t he  

mean wind speed d e c r e a s e s  c a u s i n g  the  e f f e c t s  of the  Cor io l i s  

f o r c e  t o  also decrease. T h e  ba l ance  of f o r c e s  which d e t e r -  

mines t h e  momentum of  t h e  f low w i t h i n  t h e  boundary l a y e r  

i n c l u d e s  t h e  p r e s s u r e  f i e l d  opposed by a combinat ion of the  

v i s c o u s  and Cor io l i s  f o r c e s .  Very n e a r  t h e  s u r f a c e ,  where 

t he  v e l o c i t y  approaches  ze ro ,  t h e  Cor io l i s  f o r c e  becomes 

n e g l i g i b l e ,  and t h e  a tmospher ic  motion is determined  by a 

b a l a n c e  of t h e  p r e s s u r e  g r a d i e n t  and t h e  v i s c o u s  forces. As 

'a r e s u l t  of t h i s  change i n  t h e  r e l a t i v e  magnitude of t h e  

Cor io l i s  and shear forces, t w o  d i s t i n c t  r e g i o n s  can  be 

i d e n t i f i e d  w i t h i n  the atmospheric  boundary l a y e r :  an i n n e r  

l a y e r  e x t e n d i n g  f r o m  the  ground t o  a h e i g h t  of abou t  50 

m e t e r s ,  i n  which t h e  s u r f a c e  e x e r t s  t h e  predominate  i n f l u e n c e  

on t h e  f l o w ;  and an  o u t e r  r eg ion  whose s t r u c t u r e  is  p r i m a r i l y  

de t e rmined  by the  Coriol is ,  p r e s s u r e  and shear forces. 

T h e r e f o r e ,  i n  view of t h e  p h y s i c a l  s i t u a t i o n  which 

e x i s t s  i n  t h e  l o w e r  r e g i o n  of t h e  a tmospher ic  boundary l a y e r ,  

t h e  C o r i o l i s  t e r m  i n  t h e  governing e q u a t i o n s  f o r  flow ove r  a 
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surface obstruction c a n  be neglected, permitti-ng a simpli- 

fication of the equations to the following two-dimensional 

form: 
- - 

(8) 
au aw - 
ax a z  
- + - -  

Approximation of the Reynolds' Stress by Turbulent Viscosity 

The turbulent boundary layer equations given by Equa- 

tions 8 ,  9 and 10 are obta.ined from the Navier-Stokes equa- 

tions by a method first proposed by Reynolds, in which he 

considered the instantaneous turbulent motion as a sum of a 

mean flow component and a randomly fluctuating component, 

given by 

Introducing the Reynolds' assumption into the Navier-Stokes 

equations and statistically averaging the instantaneous 

motion over the ensemble of realization, the equations for 

general turbulent motion are obtained in which certain com- 

binations of the fluctuating component are contained as 

shown in the following relationships: 

* 

* 
In practice the ergodic hypothesis is used and 

e n s e r r h l e  averages are estimated with time averages. 
14 



+ -  3 4  
az j 

These e q u a t i o n s  are known a s  t h e  

t u r b u l e n t  .flow i n  which t h e  l a s t  

Reynolds '  e q u a t i o n s  f o r  

group of t e r m s  on t h e  r i g h t  

s i d e  can  be i n t e r p r e t e d  as  a d d i t i o n a l  components of t h e  

stress t e n s o r ,  c a l l e d  t h e  Reynolds' stresses. S i m p l i f y i n g  

t h e s e  e q u a t i o n s ,  based  on an o r d e r  of magnitude a n a l y s i s ,  

r e s u l t s  i n  t h e  boundary l a y e r  e q u a t i o n s  g iven  by Elquations 

8 ,  9 and 10 i n  which t h e  Reynolds' stresses are reduced t o  

one t e r m ,  pu'w', which  i s  a s s o c i a t e d  w i t h  an i n c r e a s e  i n  t h e  

s h e a r  of t h e  f l u i d .  

However,. i n  order t o  close t h i s  s e t  of boundary l a y e r  

e q u a t i o n s ,  i t  is  necessa ry  to relate t h i s  a d d i t i o n a l  stress 

t o  t h e  mean f low.  Th i s  i s  g e n e r a l l y  done by c o n s i d e r i n g  an 

ana logy  between t h e  v i scous  shear which e x i s t s  on a molecu la r  

scale and t h e  t u r b u l e n t  shear r e s u l t i n g  from t h e  momentum 

t r a n s f e r  of  macroscopic  f l u i d  p a r t i c l e s .  Accordingly,  the 

Reynolds '  stress is  s a i d  t o  be t h e  r e s u l t  o f  an eddy v i s -  

c o s i t y ,  E, which i s  related t o  t h e  mean f low by an expres -  

sion analogous ' t o  t h e  S tokes  h y p o t h e s i s  f o r  laminar  s h e a r  
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st ress ,  

T h i s  approach i n  r e l a t i n g  t h e  t u r b u l e n t  f l u c t u a t i o n s  

t o  t h e  mean f low th rough  the concep t  of  t h e  eddy v i s c o s i t y  

has  been used  e x t e n s i v e l y  i n  d e s c r i b i n g  many t u r b u l e n t  flows; 

however, i t  i s  l i m i t e d  i n  u s e f u l n e s s  by dependence on 

e m p i r i c a l  c o r r e l a t i o n s  o f  s p e c i f i c  f l o w  s i t u a t i o n s .  

Empi r i ca l  Models of Eddy V i s c o s i t y  

The c o n c e p t  o f  t h e  mixing l e n g t h .  The development  of  

e x p r e s s i o n s  f o r  t h e  eddy v i s c o s i t y  r e l a t i n g  it t o  p a r a m e t e r s  

of t h e  f low,  i s  g e n e r a l l y  based  upon P r a n d t l ' s  concep t  o f  

t h e  t r a n s p o r t  p r o c e s s e s  invo lved  i n  t u r b u l e n c e  by r e l a t i n g  

t h e  t u r b u l e n t  f l u c t u a t i o n s  i n  v e l o c i t y  t o  t h e  mean f low 

through t h e  i d e a  of a mixing l e n g t h .  

P r a n d t l  v i s u a l i z e d  t u r b u l e n t  f l o w  a s  a random motion 

of  macroscopic  "lumps" o f  f l u i d  which c o n t i n u a l l y  form and  

move through t h e  f l u i d  c e r t a i n  d i s t a n c e s  b e f o r e  b e i n g  d i s -  

pe r sed  i n t o  t h e  s u r r o u n d i n g  f l u i d .  The d i s t a n c e  o v e r  which 

t h e s e  f l u i d  "lumps" r e t a i n  t h e i r  o r i g i n a l  p r o p e r t i e s  before 

coming i n t o  e q u i l i b r i u m  w i t h  t h e i r  s u r r o u n d i n g s  i s  termed 

t h e  mixing l e n g t h ,  R. A t r a n s f e r  o f  momentum? f o r  example,  

c a n  o c c u r  d u r i n g  t h i s  exchange p r o c e s s ,  r e s u l t i n g  i n  a 

v a r i a t i o n  of t h e  mean v e l o c i t y  a t  a p a r t i c u l a r  l o c a t i o n .  
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Consider  t w o  a d j a c e n t  l a y e r s  of f l u i d  moving a t  d i f f e r e n t  

v e l o c i t i e s ,  a s  shown i n  F i g u r e  3 ,  i n  which the  mean flow is 

i p  the x - d i r e c t i o n .  The mean v e l o c i t y  i s  s p e c i f i e d  as a t  

a d i s t a n c e  z from a s u r f a c e  and can  be  approximated a t  t h e  

a d j a c e n t  l a y e r  by the  p o s i t i v e  v e l o c i t y  g r a d i e n t  as 'ii + II 

( d u ) / ( d z ) .  

p o s i t i o n  z t o  z + R under  the i n f l u e n c e  of a p o s i t i v e  f l u c -  

t u a t i o n  of v e l o c i t y ,  w ' ,  i n  t he  t r a n s v e r s e  d i r e c t i o n .  S ince  

t h e  momentum exchanged d u r i n g  t h i s  t r a n s f e r  of  f l u i d  r e s u l t s  

Cons ider  t h e  motion of a f l u i d  p a r t i c l e  f r o m  t h e  

i n  a d e c r e a s e  i n  t he  v e l o c i t y  a t  z + 11, P r a n d t l  assumed t h a t  

t h e  momentum of the f l u i d  p a r t i c l e  remained c o n s t a n t  so t h a t  

t h e  t u r b u l e n t  f l u c t u a t i o n  i n  t h e  h o r i z o n a l  v e l o c i t y  w a s  

g i v e n  by t h e  d i f f e r e n c e  i n  v e l o c i t y  of the t w o  l a y e r s  as 

F u r t h e r  assuming t h a t  t h e  t r a n s v e r s e  f l u c t u a t i o n ,  w', i s  t h e  

same order of magnitude as u s #  i t  is  g iven  by 

Absorbing t h e  c o n s t a n t  C i n t o  t h e  unknown mixing l e n g t h ,  t h e  

Reynolds '  stress is  g i v e n  by 

w i t h  the eddy v i s c o s i t y  as 
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Figure 3. Turbulent mixing length concept. 
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I n  t h e  neighborhood of a w a l l ,  t h e  mixing l e n g t h  i s  

g e n e r a l l y  assumed t o  be l i n e a r l y  r e l a t e d  t o  the  normal d i s -  

t a n c e  from t h e  s u r f a c e  

R = K Z  

y i e l d i n g  t h e  f o l l o w i n g  e x p r e s s i o n  f o r  t h e  eddy v i s c o s i t y  

where K i s  the u n i v e r s a l  von Karman c o n s t a n t  g e n e r a l l y  

assumed a s  0 . 4 .  Applying t h i s  approximation of the mixing 

l e n g t h  t o  t h e  t u r b u l e n t  shear stress n e a r  t h e  w a l l ,  g i v e s  

Assuming t h i s  shear stress i s  c o n s t a n t  i n  a r e g i o n  n e x t  t o  

t h e  w a l l ,  Equat ion  13 can be i n t e g r a t e d  for  t h e  mean v e l o c i t y  

p r o f i l e  

The above logari thmic e x p r e s s i o n ,  as p r e v i o u s l y  

mentioned,  i s  v a l i d  f o r  t u r b u l e n t  f l o w  o v e r  smooth s u r f a c e s ,  

i n  which the mixing l e n g t h  approaches z e r o  a t  the w a l l .  

However, fo r  ve ry  rough s u r f a c e s  t h e  mixing l e n g t h  does no t  

decay t o  z e r o  n e a r  the ground, b u t  approaches  a s i z e  on the 
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order of t h e  roughness  l e n g t h ,  z and is g i v e n  by t h e  

f o l l o w i n g  r e l a t i o n  
0' 

J?, = K ( Z  -t Zo) 

Therefore,  t h e  eddy v i s c o s i t y  o v e r  rough surfaces becomes 

l e a d i n g  t o  a l o g a r i t h m i c  v e l o c i t y  d i s t r i b u t i o n  of t h e  

f o l l o w i n g  form, p r e v i o u s l y  i n t r o d u c e d  i n  Equa t ion  3 :  

Since  rough s u r f a c e s  are c h a r a c t e r i s t i c  o f  m o s t  n a t u r a l  

t e r r a i n  t h e  eddy v i s c o s i t y  model u sed  i n  t h e  c a l c u l a t i o n s  

c a r r i e d  o u t  i n  t h i s  s t u d y  i s  g i v e n  by Equa t ion  15 .  

IIowever, i n  v e r i f y i n g  t h e  n u m e r i c a l  s o l u t i o n  for  

t u r b u l e n t  boundary l a y e r  c a l c u l a t i o n s ,  i t  i s  n e c e s s a r y  t o  

c o n s i d e r  aerodynamic d a t a  o f  which a m a j o r i t y  i s  o b t a i n e d  

f o r  f l o w  o v e r  smooth s u r f a c e s  r e q u i r i n g  more s o p h i s t i c a t e d  

models o f  t h e  eddy v i s c o s i t y .  T h e r e f o r e ,  r e t u r n i n g  t o  Equa- 

t i o n  1 4 ,  it i s  e v i d e n t  t h a t  v e r y  n e a r  t h e  w a l l  t h e  p r e d i c t e d  

l o g a r i t h m i c  v e l o c i t y  i s  n o t  v a l i d  because  it does n o t  

approach z e r o  a t  t h e  surface.  T h i s  i s  a r e s u l t  o f  the f a c t  

t h a t  t h e  dampening e f f ec t  o f  the w a l l  i s  n o t  t a k e n  i n t o  

account .  I n  a c t u a l i t y  t h e r e  e x i s t s  a v e r y  t h i n  l a y e r  n e x t  

t o  t h e  s u r f a c e  i n  which t u r b u l e n c e  i s  no l o n g e r  a factor 
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and t h e  shear stress is predominate ly  de t e rmined  by molec- 

u l a r  v i s c o s i t y .  I n  t h i s  region, known as t h e  l amina r  sub- 

l a y e r ,  the  eddy v i s c o s i t y  can be assumed z e r o .  The t h i c k -  

n e s s  of t h e  s u b l a y e r  is  g e n e r a l l y  o b t a i n e d  f r o m  e m p i r i c a l  

r e l a t i o n s  (14) as approximate ly  

Van D r i e s t  eddy v i s c o s i t y  model. The c o n d i t i o n  t h a t  

t h e  eddy v i s c o s i t y  a b r u p t l y  becomes z e r o  a t  a h e i g h t  above 

t h e  s u r f a c e  g iven  by Equat ion  16 i s  a n  o v e r s i m p l i f i c a t i o n  of 

the p h y s i c a l  s i t u a t i o n .  To overcome the a r b i t r a r y  n a t u r e  of  

t h i s  assumption,  Van D r i e s t  (17)  proposed tha t  the t u r b u l e n t  

v i s c o s i t y  approach z e r o  e x p o n e n t i a l l y  n e a r  the s u r f a c e ,  by 

modifying the P r a n d t l  mixing l e n g t h  as follows: 

where 

2 6 v  A =  

The Van D r i e s t  mixing l e n g t h ,  v a l i d  f o r  f l o w  o v e r  a 

f l a t  plate ,  w a s  ex tended  by Cebeci and Smith (18) t o  i n c l u d e  

t h e  effects of a p r e s s u r e  g r a d i e n t  on t h e  eddy v i s c o s i t y .  

From the momentum e q u a t i o n ,  they  approximate t h e  s h e a r  

stress close t o  t h e  w a l l  by 
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D e f i n i n g  A as ( 2 6 v ) / ( m ) ,  t h e  mixing l e n g t h  can  be  

e x p r e s s e d  as 

and t h e  mod i f i ed  Van D r i e s t  model for  eddy v i s c o s i t y  becomes 

Although the above e x p r e s s i o n  f o r  t h e  eddy v i s c o s i t y  

i s  p h y s i c a l l y  more rea l i s t ic  n e a r  t h e  w a l l ,  i n  t h e  o u t e r  

r e g i o n s  of t h e  boundary l a y e r  t h e  s u r f a c e  no l o n g e r  e x e r t s  

t h e  predominant  i n f l u e n c e  on t h e  f l o w .  I t  i s  w e l l  docu- 

mented by e x p e r i m e n t a l  e v i d e n c e  ( 1 4 )  and (18) t h a t  a t  

c e r t a i n  d i s t a n c e s  from t h e  boundary,  t h e  v e l o c i t y  p r o f i l e  

d e v i a t e s  from t h e  l o g a r i t h m i c  form g i v e n  by the mixing 

l e n g t h  t h e o r y .  T h i s  i s  a r e s u l t  p r i m a r i l y  of a d e c r e a s e  i n  

the  i n f l u e n c e  o f  t h e  w a l l  on t h e  c h a r a c t e r i s t i c s  of t h e  

t u r b u l e n c e ,  c a u s i n g  t h e  o u t e r  r e g i o n  of t h e  boundary l a y e r  

t o  approach  a f r e e  t u r b u l e n t  f l o w ,  i n  which t h e  eddy v i s -  

c o s i t y  becomes c o n s t a n t .  T h e r e f o r e ,  C l a u s e r  (19) assumed 

t h a t  i n  t h e  o u t e r  r e g i o n  of t h e  v i s c o u s  f low t h e  eddy v i s -  

c o s i t y  i s  r e l a t e d  t o  t h e  o v e r a l l  pa rame te r s  of t h e  boundary 

l a y e r  by 

E = K o U e  6* 
0 (18) 

where 6* i s  t h e  d i s p l a c e m e n t  t h i c k n e s s .  
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However, due t o  t h e  h igh ly  f l u c t u a t i n g -  n a t u r e  of t h e  

r e g i o n  s e p a r a t i n g  t h e  f u l l y  t u r b u l e n t  boundary l a y e r  f r o m  t h e  

r e l a t i v e l y  t u r b u l e n t - f r e e  e x t e r n a l  flow, t h e  c o n s t a n t  vis-  

c o s i t y  g i v e n  by Equat ion 1 8  should  be modi f ied  by a damping 

fac tor  e x p e r i m e n t a l l y  determined from t h e  i n t e r m i t t e n c y  

factor of Klebanoff (20) as 

Sepa ra t io i i  of t h e  i n n e r  and o u t e r  r e g i o n s  of t h e  boundary 

l a y e r  is  e s t a b l i s h e d  by c o n t i n u i t y  of the eddy v i s c o s i t y  so 

t h a t  

There are numerous o t h e r  e m p i r i c a l  models f o r  eddy 

v i s c o s i t y ,  b u t  those c o n s i d e r e d  i n  deve loping  the  t u r b u l e n t  

boundary l a y e r  s o l u t i o n  p r e s e n t e d  i n  this s tudy  are as 

f 01 l o w s  : 

1. P r a n d t l  mixing l eng th  model, 

2. Van D r i e s t  mixing . length  model. 

3 .  Van D r i e s t  model wi th  t h e  o u t e r  l a y e r  of C l a u s e r .  

Conse rva t ion  of eddy v iscos i ty .  A more r e c e n t  t h e o r y  

for d e t e r m i n i n g  t h e  eddy v i s c o s i t y  from mean flow paramete r s  

w a s  advanced by N e e  and Kovasznay (21) i n  which they  con- 

sider t h e  v i s c o s i t y  as a q u a n t i t y  which i s  conserved d u r i n g  
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Lhc turbul enL cxctiange processcs. 'rhis mctliod has hcc\n out- 

lined in Appendix C together with a numerical technique for 

incorporating it into the present boundary layer program. 

Preliminary investigation of this method has shown some 

promise; however, further work is necessary to determine its 

usefulness over the simpler mixing length models. 

Consideration of the Pressure Force in the Boundary Layer 

Equations 

Incorporating the assumptions introduced in the pre- 

vious sections concerning the Coriolis effect and the eddy 

viscosity, and applying the classical boundary layer order 

of magnitude analysis the equations become 

- + - -  a i i  at;; - 
ax az  

These equations have been very successful in 

describing flow fields over aerodynamic surfaces, for which 

the viscous regions are very thin relative to the character- 

istic dimensions of the body. In fact, the derivation of 

the boundary layer equations from the Navier-Stokes rela- 

tions from an order of magnitude analysis requires the 

viscous region to be thin. However, despite the condition 

of a thin viscous region, boundary layer analyses have been 

applied to cases in which the boundary layer thickness was 



on thc order of the dimensions of the body b u t  y i e l d e d  good 

agreement  w i t h  exper iment ,  a8 shown i n  Reference (22). This  

t e n d s  t o  i n d i c a t e  t h a t  the a p p l i c a t i o n  of boundary l a y e r  

t h e o r y  i s  n o t  l i m i t e d  t o  conf ined  r e g i o n s  of a flow f i e l d  

n e a r  a body. 

One of t h e  m o s t  s i g n i f i c a n t  r e s u l t s  of t h e  t h i n  

boundary l a y e r  assumption,  as shown by Equat ion  21, is t h a t  

t h e  p r e s s u r e  f i e l d  w i t h i n  t h e  v i scous  r e g i o n  becomes inde-  

pendent  of t h e  c o o r d i n a t e  normal t o  t h e  flow. T h i s  r e s u l t  

i s  i m p o r t a n t  i n  e s t a b l i s h i n g  a s o l u t i o n  of t h e  t h i n  boundary 

l a y e r  e q u a t i o n s ,  because  the  p r e s s u r e  imposed on t h e  f low 

can be o b t a i n e d  from the  p o t e n t i a l  p r e s s u r e  d i s t r i b u t i o n  

a long  t h e  s u r f a c e  of the body and is a known q u a n t i t y  i n  t h e  

boundary l a y e r  e q u a t i o n s .  

However, i n  c o n s i d e r i n g  a tmosphe r i c  f l o w  o v e r  a s u r -  

f a c e  o b s t r u c t i o n ,  t h e  t h i c k n e s s  of the boundary l a y e r  is 

g e n e r a l l y  many t i m e s  greater than  t h e  h e i g h t  of t h e  o b s t a c l e .  

Thus, t h e  p r e s s u r e  d i s t u r b a n c e  produced by t h e  body is  con- 

t a i n e d  w i t h i n  t h e  v i scous  f l o w  and no w e l l  d e f i n e d  o u t e r  

i n v i s c i d  f l o w  f i e l d  e x i s t s  as i n  aerodynamic problems. Th i s  

d i f f i c u l t y  can be r e s o l v e d ,  however, by c o n s i d e r i n g  the con- 

c e p t  of t h e  d i s t u r b e d  boundary l a y e r  i n t r o d u c e d  i n  Chapter  I .  

Assuming t h a t  t h e  r e g i o n  of  i n f l u e n c e  which su r rounds  t h e  

body i s  c o n t a i n e d  w i t h i n  t h e  a tmospher ic  boundary l a y e r ,  t h e  

e q u a t i o n s  which describe t h e  motion o v e r  the  o b s t r u c t i o n  are 

no l o n g e r  dependent  on t h e  flow f i e l d  which e x i s t s  o u t s i d e  

t h e  v i s c o u s  r e g i o n ,  b u t  become a f u n c t i o n  of the boundary 
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c o n d i t i o n s .  and p r e s s u r e  f i e l d  which  are g iven  w i t h i n  t h e  

shear f l o w .  

T h e r e f o r e ,  t o  adapt t h e  boundary l a y e r  e q u a t i o n s  t o  

v e r y  t h i c k  viscous regions c o n t a i n i n g  v a r i a t i o n s  i n  p r e s s u r e  

normal t o  t h e  f l o w ,  t h e  streamwise p r e s s u r e  g r a d i e n t  of 

Equa t ion  20 can  be i n t e r p r e t e d  as s o m e  a v e r a g e  p r e s s u r e  

f o r c e  which i s  r e p r e s e n t a t i v e  o f ' t h e  d i s t r i b u t i o n  of this 

g r a d i e n t  th rough t h e  boundary l a y e r .  I n  o r d e r  t o  de te rmine  

how the h o r i z o n t a l  p r e s s u r e  f i e l d  o v e r  t h e  o b s t r u c t i o n  var ies  

i n  t h e  v e r t i c a l  d i r e c t i o n  and t o  examine t h e  effects  o f  t h i s  

t e r m  on t h e  e q u a t i o n s ,  t h e  p o t e n t i a l  p r e s s u r e  d i s t r i b u t i o n  

a long  t h e  s t r e a m l i n e s  o v e r  t h e  e l l i p t i c a l  c y l i n d e r  w i l l  now 

be c o n s i d e r e d .  

Applying t h e  p o t e n t i a l  f l o w  t h e o r y  o u t l i n e d  i n  

Appendix A, t h e  p r e s s u r e  and i n v i s c i d  s t r e a m l i n e s  can  be 

c a l c u l a t e d  as g iven  i n  F i g u r e  4 f o r  t h e  2 / 1  aspec t  r a t i o  

e l l i p se .  F i r s t ,  c o n s i d e r  t h e  p r e s s u r e  v a r i a t i o n  along t h e  

s u r f a c e  or z e r o  s t r e a m l i n e .  Approaching from ups t ream,  t h e  

p r e s s u r e  i n c r e a s e s  f r o m  t h e  free stream v a l u e  t o  a maximum 

a l o n g  t h e  l e a d i n g  edge  and t h e n  r a p i d l y  decreases below 

ambient c o n d i t i o n s  t o  a minimum a t  t h e  t o p  of t h e  e l l i p s e .  

S i n c e  t h e  p o t e n t i a l  f l o w  is  symmetr ic  a b o u t  t h e  minor a x i s  

of t h e  e l l i p s e ,  t h e  i d e n t i c a l  p r e s s u r e  d i s t r i b u t i o n  e x i s t s  

on the  downstream side of t h e  c y l i n d e r .  However, t h e  

g r a d i e n t  of t h e  p r e s s u r e  i s  n o t  symmetr ic  a b o u t  t h i s  a x i s  

b u t  i s  an  odd f u n c t i o n  of t h e  s t r e a m w i s e  c o o r d i n a t e ,  x .  

T h i s  will become i m p o r t a n t  i n  l a t e r  d i s c u s s i o n s  i n  
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c o n s i d e r i n g  t h e  magni tude o f  t h e  a d v e r s e  p r e s s u r e  f i e l d s  up- 

stream of t h e  e l l i p s e  approaching  t h e  forward s t a g n a t i o n  

p o i n t  and on t h e  downstream face of t h e  c y l i n d e r  from t h e  

t o p  of t h e  e l l i p s e  t o  t h e  t r a i l i n g  edge .  

F i g u r e  4 t h a t  t h e  l a t t e r  p r e s s u r e  g r a d i e n t  i s  much more 

s e v e r e  and w i l l  have a s i g n i f i c a n t  e f f ec t  on t h e  v i s c o u s  

flow. 

I t  i s  obv ious  f r o m  

r f  Applying t h e  p o t e n t i a l  p r e s s u r e  a long  t h e  ce t o  

t h e  boundary l a y e r  deve loped  f a r  ups t ream on t h e  h o r i z o n t a l  

t e r r a i n ,  a q u a l i t a t i v e  p i c t u r e  o f  t h e  v i s c o u s  f low f i e l d  

ove r  t h e  body can be o b t a i n e d .  Approaching t h e  o b s t r u c t i o n  

from upstream, as i l l u s t r a t e d  i n  F i g u r e  5,  t h e  l a r g e  i n c r e a s e  

i n  p r e s s u r e  c a u s e s  d e c e l e r a t i o n  of t h e  f low and t h i c k e n i n g  

of t h e  i n t e r n a l  boundary l a y e r .  A s  t h e  p r e s s u r e  g r a d i e n t  

bscomes i n c r e a s i n g l y  more severe, t h e  momentum of t h e  f l u i d  

becomes v e r y  s m a l l  u n t i l  t h e  boundary l a y e r  i s  no  l o n g e r  able 

t o  remain a t tached t o  t h e  s u r f a c e ,  ( p o i n t  A ) .  F u r t h e r  down- 

stream, t h e  f l o w  is accelerated by t h e  decrease i n  p r e s s u r e  

ov3r t h e  f r o n t  face of t h e  e l l i p s e  c a u s i n g  t h e  boundary 

l a y e r  t o  rea t tach  t o  t h e  body a t  p o i n t  B. 

t h e  f l o w  c o n t i n u e s  t o  accelerate t o  t h e  t o p  o f  t h e  c y l i n d e r  

where t h e  adv’erse p r e s s u r e  f i e l d  on t h e  rear side a g a i n  

f o r c e s  t h e  boundary l a y e r  t o  s e p a r a t e  a t  p o i n t  C.  Much 

f u r t h e r  downstream t h e  p r e s s u r e  f i e l d  b e g i n s  t o  recover from 

From t h i s  p o i n t  

t h e  severe g r a d i e n t s  d i s c u s s e d  above and r e t u r n s  t o  ambient  

c o n d i t i o n s  c a u s i n g  t h e  f low t o  reattach once  more ( p o i n t  DI 

and r e a d j u s t  t o  t h e  c o n d i t i o n s  a l o n g  t h e  h o r i z o n t a l  s u r f a c e .  
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The areas of t h e  flow f i e l d  e n c l o s e d  by s t r e a m l i n e s  AB up- 

stream o f  t h e  e l l i p s e  and CD on t h e  downstream s i d e  are 

s e p a r a t i o n  r e g i o n s  i n  which t h e  f l o w  i s  r e c i r c u l a t e d ,  

t e n d i n g  t o  become s t a g n a n t  w i t h  t h e  v e l o c i t y  n e a r  t h e  s u r -  

f a c e  i n  t h e  o p p o s i t e  d i r e c t i o n  t o  t h a t  i n  the outer f l o w  as 

i l l u s t r a t e d  by the p r o f i l e s  ir. F i g u r e  5 .  T h i s  s e p a r a t e d  

flow r e g i o n  i s  an ex t r eme ly  compl i ca t ed  motion which c a n n o t  

be p r e d i c t e d  by a boundary l a y e r  a n a l y s i s .  T h e r e f o r e ,  

a d d i t i o n a l  assumpt ions  must be made abou t  t h e  a d v e r s e  p r e s -  

s u r e  f i e l d  which produces  t h i s  s e p a r a t e d  f l o w  t o  e n a b l e  t h e  

boundary l a y e r  s o l u t i o n s  t o  be computed over t h i s  r e g i o n  t o  

t h e  t o p  o f  t h e  e l l i p s e .  

Comparing t h e  v a r i a t i o n  of  t h e  s t r e a m w i s e  p r e s s u r e  

d i s t r i b u t i o n  a l o n g  d i f f e r e n t  s t r e a m l i n e s  above t h e  s u r f a c e ,  

a s  shown i n  F i g u r e  4 ,  page 2 7 ,  it can be observed  t h a t  as 

the d i s t a n c e  from t h e  body i n c r e a s e s ,  t h e  s e v e r i t y  o f  t h e  

p r e s s u r e  g r a d i e n t  decays  u n t i l  o u t s i d e  a c e r t a i n  s t r e a m l i n e ,  

the adve r se  p r e s s u r e  ups t r eam of t h e  body no l o n g e r  c a u s e s  

s e p a r a t i o n  of t h e  f low.  S i n c e  t h e  p r e s s u r e  f i e l d  n e a r  t h e  

s u r f a c e  p r i m a r i l y  d e t e r m i n e s  t h e  f l o w  w i t h i n  t h e  s e p a r a t i o n  

r e g i o n ,  i t  i s  r e a s o n a b l e  t o  assume t h a t  t h e  p r e s s u r e  g r a d i e n t  

g iven  a l o n g  t h i s  n o n s e p a r a t i n g  s t r e a m l i n e  i s  m o r e  c h a r a c t e r -  

i s t i c  of t h e  o v e r a l l  f l o w  which a c t u a l l y  n e g o t i a t e s  t h e  

o b s t r u c t i o n .  With t h i s  i n  mind, t h e  boundary l a y e r  a n a l y s i s  

proposed i n  t h i s  s t u d y  w a s  carr ied o u t  w i t h  t h e  a s sumpt ion  

t h a t  t h e  flow o u t s i d e  t h e  s e p a r a t i o n  r e g i o n  i s  governed  by 

a n  a v e r a g e  p r e s s u r e  f i e l d  g i v e n  by I? a t  c a l c u l a t e d  a l o n g  t h e  
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f i r s t  n o n s e p a r a t i n g  s t r e a m l i n e  over the e l l i p t i c a l  body. 

Improved Approximation of t h e  Vertical P r e s s u r e  Field 

T h e  assumption of an average  p r e s s u r e  g r a d i e n t  which 

i s  c o n s t a n t  i n  t h e  d i r e c t i o n  normal t o  t h e  f low is expec ted  

t o  be  a good approximat ion  of t h e  c o n d i t i o n s  which e x i s t  i n  

a r e g i o n  nea r  t h e  body, as w i l l  be  s u b s t a n t i a t e d  i n  l a te r  

d i s c u s s i o n s  concern ing  t h e  r e s u l t s  of c a l c u l a t i o n s  c a r r i e d  

o u t  o v e r  t h e  e l l i p t i c a l  c y l i n d e r  u s i n g  t h i s  mean p r e s s u r e  

d i s t r i b u t i o n .  However, i f  i n t e r e s t  l i e s  i n  f low fields much 

f u r t h e r  removed f r o m  t h e  s u r f a c e  o b s t r u c t i o n ,  a m o r e  phys i -  

c a l l y  real is t ic  p r e s s u r e  f i e l d  is sugges t ed  by the fact t h a t  

t h e  p r e s s u r e  g r a d i e n t  approaches zero fa r  from the body. 

T h e r e f o r e ,  fo r  boundary l a y e r s  which ex tend  w e l l  above thz  

o b s t r u c t i o n ,  an improved p r e s s u r e  f i e l d  would be one w h i c h  

decays  i n  t h e  v e r t i c a l  direction from t h e  i n i t i a l  v a l u e  

de te rmined  a long  t h e  nonsepa ra t ing  s t r e a m l i n e  t o  z e r o  as t h e  

d i s t ance  from t h e  body approaches i n f i n i t y .  T h i s  t ype  of 

p r e s s u r e  v a r i a t i o n  w i l l  pe rmi t  a matching df t h e  f l o w  w i t h i n  

t h e  r e g i o n  of i n f l u e n c e  of t h e  body t o  the  o u t e r  u n d i s t u r b e d  

loga r i thmic  p r o f i l e .  Under t h i s  assumpt ion ,  t h e  f o r m  of  the 

p r e s s u r e  d i s t r i b u t i o n  in t roduced  i n t o  t h e  boundary l a y e r  

e q u a t i o n s  i s  g i v e n  by 

where  [ ( d p ) / ( d x ) ’ I n s  is  the  p r e s s u r e  g r a d i e n t  g iven  a l o n g  t h e  

n o n s e p a r a t i n g  s t r e a m l i n e ,  and q ( z )  is  the v e r t i c a l  decay 
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f u n c t i o n ,  which w i l l  be d i s c u s s e d  i n  more d e t a i l  i n  a la ter  

s e c t i o n .  

Boundary C o n d i t i o n s  - 

The gove rn ing  e q u a t i o n s  described i n  t h e  p r e c e d i n g  

s e c t i o n s  are complete  o n l y  when t h e  p r o p e r  boundary cond i -  

t i o n s  a l o n g  t h e  s u r f a c e  and matching c o n d i t i o n s  w i t h  t h e  

o u t e r  f l ow are s p e c i f i e d .  

L o w e r  boundary c o n d i t i o n s .  Along t h e  l o w e r  boundary 

t h e  n o - s l i p  c o n d i t i o n  w i l l  g e n e r a l l y  a p p l y ,  and  t h u s  t h e  

mean v e l o c i t i e s  and t u r b u l e n t  f l u c t u a t i o n s  approach  z e r o  

n e a r  t h e  ground.  However, t h e  roughness  associated w i t h  t h e  

s u r f a c e  a l s o  h a s  an i n f l u e n c e  upon t h e  f low i n  t h e  v i c i n i t y  

of t h e  l o w e r  boundary. One e f f e c t  is t o  i n c r e a s e  t h e  t u r -  

b u l e n t  motion,  as noted p r e v i o u s l y ,  by assuming a l a r g e r  

mixing Length a t  t h e  s u r f a c e .  An a d d i t i o n a l  e f f e c t  of t h e  

rouyh s u r f a c e  i s  caused  by t h e  s e p a r a t i o n  o f  t h e  f l o w  on  a 

very  s m a l l  scale f r o m  t h e  i n d i v i d u a l  roughness  e l e m e n t s  

w h i c h  i n c r e a s e s  t h e  d i s s i p a t i o n  o f  momentum due  t o  l a r g e r  

form d r a y  o v e r  t h e  s u r f a c e .  S i n c e  n e i t h e r  o f  t h e s e  e f f e c t s  

are accoun ted  f o r  by t h e  s i m p l e  n o - s l i p  c o n d i t i o n ,  i t  is  

assumed t h a t  t h e  l o g a r i t h m i c  v e l o c i t y  d i s t r i b u t i o n  g i v e n  by 

Equat ion  3 a p p l i e s  i n  a v e r y  t h i n  l a y e r  n e x t  t o  t h e  s u r f a c e  

i n  which t h e  s h e a r  stress is assumed c o n s t a n t ,  as shown i n  

F i g u r e  6 .  With t h i s  boundary c o n d i t i o n  t h e  i n f l u e n c e  of the 

surface roughness  on t h e  v e l o c i t y  c a n  be i n c o r p o r a t e d  i n t o  

t h e  s o l u t i o n  of  the  boundary l a y e r  e q u a t i o n s .  
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Figure 6. F l o w  over a rough surface. 
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Oute r  boundary c o n d i t i o n s .  The o u t e r  boundary condi -  

t i o n  u s u a l l y  imposed on  classical  boundary l a y e r s  is  t h e  

p o t e n t i a l  v e l o c i t y  a l o n g  t h e  s u r f a c e  s t r e a m l i n e  of t h e  body. 

T h i s  assumpt ion  i s  based on t h e  f a c t  t h a t  t h e  boundary l a y e r  

i s  e x t r e m e l y  t h i n  and t h e  s u r f a c e  c u r v a t u r e  i s  n o t  large. 

F o r  t h e  problem a t  hand, however, t h e  p r e s s u r e  d i s t r i -  

b u t i o n  o v e r  t h e  body is n o t  assumed t o  be t h a t  c o r r e s p o n d i n g  

t o  t h e  p o t e n t i a l  f l o w  a l o n g  t h e  s u r f a c e  s t r e a m l i n e  b u t  t h a t  

co r re spond ing  t o  t h e  f i r s t  s t r e a m l i n e  fo r  which s e p a r a t i o n  

a t  t h e  f r o n t  of t h e  e l l i p s e  does n o t  o c c u r .  The o u t e r  

boundary c o n d i t i o n  i s  t h e r e f o r e  t a k e n  as t h e  p o t e n t i a l  

v e l o c i t y ,  U e ,  a l o n g  t h i s  f i r s t  non- sepa ra t ing  s t r e a m l i n e .  

P h y s i c a l l y  one d e f e n d s  t h i s  assumpt ion  by a r g u i n g  t h a t  t h e  

f l o w  which n e g o t i a t e s  t h e  body a v o i d i n g  t h e  s e p a r a t i o n  r e g i o n  

i s  d r i v e n  by some a v e r a g e  p r e s s u r e  c h a r a c t e r i z e d  by (" e "'1 dx ns 

and t h e  v e l o c i t y  scale f o r  t h e  d i s t u r b e d  s h e a r  r e g i o n  or  

n s  i n t e r n a l  boundary l a y e r  i s  U e  

f a r  f r o m  t h e  body t h e  v e l o c i t y  must  r e t u r n  t o  t h e  logar i thmic  

p r o f i l e  of t h e  u n d i s t u r b e d  f low it is  e x p e c t e d  t h a t  U e n s  may 

r e p r e s e n t  t h e  peak i n  t h e  v e l o c i t y  p r o f i l e  and t h e  s o l u t i o n  

c o r r e s p o n d i n g  t o  t h i s  boundary c o n d i t i o n  migh t  be v a l i d  v e r y  

nea r  to  t h e  w a l l .  Later r e f i n e d  c a l c u l a t i o n  shows t h i s  

r e g i o n  e x t e n d s  t o  a h e i g h t  on t h e  order of z/b = 0 . 5 .  A 

number o f  s o l u t i o n s  w e r e  carried o u t  u t i l i z i n g  t h i s  boundary 

c o n d i t i o n  and p r e s s u r e  d i s t r i b u t i o n  and  are e x p e c t e d  t o  be 

r e p r e s e n t a t i v e  of t h e  f l o w  v e r y  n e a r  t h e  body. 

Although it is known t h a t  

However, once a g a i n  c o n s i d e r i n g  f l o w  f i e lds  a t  

l a r g e r  h e i g h t s ,  t h e  o u t e r  boundary c o n d i t i o n  must  be 
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recon:; i de rcd  I r l  1 I g l it  u f  the r a p i d  decay 0 1 -  the p r e s s u r e  

f i e l d  which e x i s t s  i n  t h e  g r e a t e r  r e g i o n  of i n f l u e n c e  above 

t h e  s u r f a c e  o b s t r u c t i o n .  S i n c e  t h e  f low t e n d s  t o  r e t u r n  t o  

t h e  l o g a r i t h m i c  form as t h e  e f f e c t s  o f  t h e  obstacle become 

n e g l i g i b l e ,  a more r ea l i s t i c  o u t e r  boundary c o n d i t i o n  

matching  t h e  o u t e r  u n d i s t u r b e d  f l o w - w i t h  t h e  boundary l a y e r  

deve loped  over t h e  body would be given by t h e  l o g a r i t h m i c  

v e l o c i t y  d i s t r i b u t i o n .  The re fo re ,  i n  c o n s i d e r i n g  t h e  f l o w  

f i e l d  i n  a l a r g e r  r e g i o n  above t h e  e l l i p t i c a l  c y l i n d e r ,  t h e  

o u t e r  boundary c o n d i t i o n  used i n  connec t ion  w i t h  t h e  decay- 

i n g  p r e s s u r e  f i e l d  is g i v e n  by t h e  l o g a r i t h m i c  v e l o c i t y  

c h a r a c t e r i s t i c  of t h e  u n d i s t u r b e d  f low a t  a n  a r b i t r a r i l y  

selected e l e v a t i o n .  

The E f f e c t  of S e p a r a t i o n  Regions on - t h e  Boundary Layer  

The s e p a r a t i o n  r e g i o n s  which e x i s t  ups t r eam and down- 

s t r e a m  o f  t h e  e l l i p t i c a l  c y l i n d e r ,  as shown i n  F i g u r e  5 ,  

page  2 9 ,  are due to t h e  s t r o n g  adverse p r e s s u r e  g r a d i e n t s  

n e a r  t h e  s u r f a c e  which have been n e g l e c t e d  i n  t h e  i n i t i a l  

s o l u t i o n s  to  be p r e s e n t e d  because t h e  p r e s s u r e  f i e l d  i s  

approximated  a l o n g  t h e  n o n s e p a r a t i n g  s t r e a m l i n e .  For t h i s  

r e a s o n  t h e  boundary l a y e r  e q u a t i o n s  can  be i n t e g r a t e d  o v e r  

t h e  forward  s e p a r a t i o %  r e g i o n  w i t h o u t  r e g a r d i n g  t h e  e f f e c t s  

it produces on t h e  flow. However, t h i s  method c a n n o t  be 

e x t e n d e d  o v e r  t h e  rear s e p a r a t i o n  bubb le  because  t h e  a d v e r s e  

p r e s s u r e  g r a d i e n t  a l o n g  t h e  same s t r e a m l i n e  becomes much 

m o r e  s e v e r e  on t h e  downstream side o f  t h e  body and p r e v e n t s  
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t i l e  c o n i [ ~ l l  t a 1 I o n a  1 ! ; c l i c n l c  t r o n l  n e y o t l a l  I ~ICJ 111 1 s rccj i o n .  A:; 

d i s c u s s e d  p r e v i o u s l y  i n  comparing t h e  magnitude of t h e  

p o s i t i v e  p r e s s u r e  g r a d i e n t s  shown i n  F i g u r e  4 ,  page 27 ,  t h e  

much l a r g e r  p r e s s u r e  f o r c e s  o c c u r r i n g  downstream s i g n i f i -  

c a n t l y  a f f e c t  t h e  boundary l a y e r  f l o w ,  so  t h a t  i n  order t o  

app ly  t h e  p r e s e n t  i n t e g r a t i o n  t e c h n i q u e  o v e r  t h e  rear  

s e p a r a t i o n  r e g i o n ,  t h e  p r e s s u r e  f i e l d  m u s t  be o b t a i n e d  from 

a n  i n v i s c i d  s t r e a m l i n e  very  f a r  f r o m  t h e  body. S i n c e  t h e  

p r e s s u r e  g r a d i e n t s  downstream w i l l  be g r e a t l y  reduced ,  t h e  

s o l u t i o n s  are no longe r  b e l i e v e d  t o  g i v e  a meaningfu l  

d e s c r i p t i o n  of t h e  d i s t u r b e d  f low f i e l d  c r e a t e d  by t h e  s u r -  

f a c e  o b s t r u c t i o n .  T h e r e f o r e ,  t h e  s o l u t i o n s  g i v e n  i n  t h i s  

s t u d y  f o r  f l o w  o v e r  t h e  e l l i p t i c a l  body are c a r r i e d  o u t  on ly  

t o  t h e  t o p  o f  t h e  c y l i n d e r .  

T o  i n c o r p o r a t e  some of  t h e  i n f l u e n c e  of t h e  s e p a r a -  

t i o n  r e g i o n s  on the  p r e s s u r e  f i e l d  n e a r  t h e  s u r f a c e  and t o  

o b t a i n  a more r e a l i s t i c  boundary c o n d i t i o n  on t h e  v e l o c i t y  

ove r  t h e s e  r e g i o n s ,  some p r e l i m i n a r y  s o l u t i o n s  have  been 

computed w i t h  t h e  r e c i r c u l a t i n q  f l o w  of t h e  s e p a r a t i o n  

bubb les  s i m u l a t e d  by s t a t i o n a r y ,  i n v i s c i d  v o r t i c e s  c a l c u -  

l a ted  from p o t e n t i a l  f l o w  t h e o r y  1 2 3 ) .  Although n o t  d e a l i n g  

d i r e c t l y  w i t h  the  f l o w  w i t h i n  t h e s e  r e g i o n s ,  t h i s  t e c h n i q u e ,  

o u t l i n e d  i n  Appendix B ,  g i v e s  an  improved approx ima t ion  of 

t h e  p r e s s u r e  f i e l d  imposed on t h e  f l o w  by t h e  e l l i p t i c a l  

c y l i n d e r .  A t y p i c a l  r e s u l t  of t h i s  c a l c u l a t i o n  i s  g i v e n  i n  

F i g u r e  7 ,  showing t h e  i n v i s c i d  s t r e a m l i n e s  o v e r  a 2 / 1  a s p e c t  

r a t i o  e l l i p s e  w i t h  a t t a c h e d  v o r t i c e s  t o g e t h e r  w i t h  t h e  
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p o t e n t i a l  v e l o c i t y  d i s t r i b u t i o n  a l o n g  t h e s e  s t r e a m l i n e s .  I n  

a d d i t i o n ,  t h e  p o t e n t i a l  v e l o c i t y  a l o n g  t h e  n o n s e p a r a t i n g  

s t reaml ine  o v e r  t h e  same body w i t h o u t  vor t ices  i s  a l so  shown 

f o r  comparison pu rposes .  

D e s p i t e  t h e  improved approximat ion  o f  t h e  p r e s s u r e  

f i e l d  o b t a i n e d  w i t h  t h i s  model which i n c l u d e s  t h e  e f f e c t s  of 

t h e  s e p a r a t i o n  r e g i o n s ,  t h e  adverse p r e s s u r e  g r a d i e n t s  

a s s o c i a t e d  w i t h  t h e  f low approaching  t h e  s t a g n a t i o n  p o i n t s  A 

and B are s t i l l  s u f f i c i e n t l y  s e v e r e  n e a r  t h e  body t o  p r e v e n t  

t h e  boundary l a y e r  c a l c u l a t i o n  f r o m  n e g o t i a t i n g  t h e s e  

r e g i o n s .  T h e r e f o r e ,  t h e  a p p l i c a b l e  p r e s s u r e  d i s t r i b u t i o n  i s  

a g a i n  assumed t o  be g i v e n  a l o n g  an o u t e r  s t r e a m l i n e  o v e r  t h e  

v o r t i c e s  f o r  which t h e  p r e s s u r e  g r a d i e n t  does  n o t  produce  a 

c o n d i t i o n  of s e p a r a t i o n  i n  t h e  boundary l a y e r  s o l u t i o n .  

Although t h i s  p r e s s u r e  f i e l d  s t i l l  does  n o t  s i m u l a t e  t h a t  

g iven  al-ong t h e  s u r f a c e ,  it does i n c l u d e  a p a r t  o f  t h e  

s i g n i f i c a n t  i n f l u e n c e  of t h e  s e p a r a t i o n  r e g i o n s  on t h e  

boundary l a y e r  which i s  n e g l e c t e d  by t h e  i n i t i a l  approxima- 

t i o n  of  the p r e s s u r e  g r a d i e n t  o v e r  t h e  e l l i p t i c a l  c y l i n d e r .  

I n  a d d i t i o n  t o  t h e  e f fec t  of t h e  v o r t i c e s  on t h e  

p r e s s u r e  f i e l d ,  t h e  p o t e n t i a l  v e l o c i t y  a l o n g  t h e  s t r e a m l i n e  

d i v i d i n g  t h e  s e p a r a t i o n  r e g i o n  from t h e  o u t e r  boundary l a y e r  

c a n  be  i n c o r p o r a t e d  i n t o  t h e  f l o w  f i e l d  developed  over t h i s  

r e g i o n  as a lower boundary c o n d i t i o n .  S i n c e  t h e  v e l o c i t y  

which p h y s i c a l l y  e x i s t s  i n  t h e  v i c i n i t y  of t h e  d i v i d i n g  

s t r e a m l i n e  does  n o t  approach  z e r o ,  t h e  s l i p - v e l o c i t y  p r o v i d e d  

by t h i s  p o t e n t i a l  s o l u t i o n  i s  a more r e a l i s t i c  measure o f  
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t h e  lower boundary c o n d i t i o n  a f f e c t i n g  the e q u a t i o n s  t h a n  

t h a t  prev ious ly  in t roduced  f o r  t h e  c a l c u l a t i o n s  made o v e r  

this reg ion .  

Over t h e  v o r t i c e s ,  as shown i n  F igu re  7 ,  page 37,- approaches  

free s t ream va lues  a t  i t s  maximum between t h e  s t a g n a t i o n  

p o i n t s  on the. d i v i d i n g  s t r eaml ine .  

of t h e  p o t e n t i a l  s o l u t i o n  is  a r e s u l t  of t h e  e f f e c t  of t h e  

However, t h e  p o t e n t i a l  v e l o c i t y  c a l c u l a t e d  

S i n c e  this c h a r a c t e r i s t i c  

vo r t ex  on an i n v i s c i d  f l u i d ,  the  v i s c o u s  d i s s i p a t i o n  w h i c h  

a c t u a l l y  occurs  i n  t h i s  r eg ion  d e c r e a s e s  the  p o t e n t i a l  

v e l o c i t y ,  and therefore, t h e  lower boundary c o n d i t i o n  

assumed from this model w i l l  be a f r a c t i o n  of t h e  i n v i s c i d  

v e l o c i t y ,  which has been chosen f o r  t h e  c a l c u l a t i o n s  made 

w i t h  this method as 0 .25 .  

C u r v i l i n e a r  E f f e c t s  of t h e  S t reaml ine-Or ien ted  Coord ina te  

S y s t e m  

Since  t h e  p r e s s u r e  g r a d i e n t  imposed on t h e  boundary 

l a y e r  1s given a long  the i n v i s c i d  s t r e a m l i n e s  o v e r  t h e  

e l l i p t i c a l  c y l i n d e r ,  t h e  c o o r d i n a t e  system used must a l so  be 

o r i e n t e d  a long  these s t r e a m l i n e s  r e s u l t i n g  i n  a c u r v i l i n e a r ,  

o r thogona l  system, as shown i n  F i g u r e  8a.  The c u r v a t u r e  of 

this coord ina te  system is s m a l l  t h roughou t  the r e g i o n  s u r -  

rounding t h e  e l l i p s e ,  e x c e p t  i n  the v i c i n i t y  of t h e  ups t ream 

and downstream s t a g n a t i o n  p o i n t s  where the s l o p e  of t he  s u r -  

face i s  d iscont inuous .  T h i s  i s  i m p o r t a n t  i n  view of t h e  

fac t  t h a t  t h e  boundary l a y e r  concept  i s  g e n e r a l l y  assumed to  

be a f i r s t  order  approximation of v i s c o u s  f l o w  and n e g l e c t s  
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t h e  h i g h e r  order e f f e c t s  produced by body c u r v a t u r e .  'l'here- 

f o r e ,  t h e  accuracy  of  t h e  p r e s e n t  boundary l a y e r  a n a l y s i s  is  

Gxpected t o  deteriorate i n  t h e  v i c i n i t y  of t h e  s t a g n a t i o n  

r e g i o n s  b u t  b e  r e l a t i v e l y  good ups t ream of t h e s e  r e g i o n s  and 

on t o p  of t h e  e l l i p s e .  - 
Moreover, s i n c e  t h e  flow f i e l d  w i t h i n  t h e s e  s t a g n a -  

t i o n  r e g i o n s  has  been n e g l e c t e d  by t h e  assumption,  p r e -  

v i o u s l y  d i s c u s s e d  i n  Chapter  11, o f  a p r e s s u r e  d i s t r i b u t i o n -  

imposed on t h e  flow as g iven  by t h a t  a long  t h e  n o n s e p a r a t i n g  

s t r e a m l i n e ,  t h e r e  i s  l i t t l e  v a l u e  i n  modifying t h e  boundary 

l a y e r  e q u a t i o n s  w i t h  the a d d i t i o n a l  compl i ca t ions  of a 

c u r v i l i n e a r  c o o r d i n a t e  system. Consequent ly ,  the c a l c u l a -  

t i o n s  have been carried o u t  i n  C a r t e s i a n  c o o r d i n a t e s  (x ,y )  

as shown i n  F i g u r e  8b. The x - d i r e c t i o n  is  measured a l o n q  

t h e  i n v i s c i d  s t r e a m l i n e  w i t h  t h e  y -ax i s  ex tend ing  perpen- 

d i c u l a r l y  t o  it a t  each  x-poin t .  The v e l o c i t y  p r o f i l e s  

c a l c u l a t e d  i n  t h i s  coordinate system are t h e n  assumed t o  

e x i s t  p h y s i c a l l y  on t h e  s u r f a c e ,  which is a r e a s o n a b l e  

assumption because t h e  geomet r i ca l  effects of t h e  body on 

t h e  f low e n t e r  t h e  e q u a t i o n s  only  through t h e  p r e s s u r e  

g r a d i e n t .  H o w e v e r ,  because  of t h e  assumptions made abou t  

t h e  p r e s s u r e  d i s t r i b u t i o n  and c u r v a t u r e  effects  o v e r  t h e  

s t a g n a t i o n  r e g i o n s ,  t h e  i n t e r p r e t a t i o n  of  the v e l o c i t y  pro- 

f i les  c a l c u l a t e d  i n  t h e s e  areas of t h e  f l o w  f i e l d  i s  d i f f i -  

c u l t  t o  apply  p h y s i c a l l y .  Consequent ly ,  t h e  p r o f i l e s  

p r e s e n t e d  w i t h i n  this i n v e s t i g a t i o n  are t h o s e  i n  t h e  r e g i o n s  

of f l o w  upstream and on t o p  of t h e  e l l i p s e  where t h e  
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s o l u t i o n s  are cons ide red  t o  be t h e  m o s t  meaningfu l ,  

n e g l e c t i n g  t h e  p r o f i l e s  c a l c u l a t e d  ove r  t h e  s e p a r a t i o n  

r e g i o n s ,  
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CHAPTER 111 

NUMERICAL SOLUTION O F  THE TURBULENT 

BOUNDARY LAYER EQUATIONS 

The t u r b u l e n t  boundary l a y e r  e q u a t i o n s  together w i t h  

t h e  boundary and i n i t i a l  c o n d i t i o n s  and the assumpt ion  of an  

eddy v i s c o s i t y  model t o  re la te  t h e  t u r b u l e n t  motion t o  t h e  

mean f l o w  v a r i a b l e s ,  form a c l o s e d  se t  of n o n l i n e a r ,  para- 

bol ic ,  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  g i v e n  by Equa t ions  1 9  

and 20. T h i s  s e t  of e q u a t i o n s  must be solved by numer i ca l  

methods which w i l l  now be in t roduced .  Approximating the 

p r e s s u r e  g r a d i e n t  t e r m  by t h e  i n v i s c i d  p r e s s u r e  d i s t r i b u t i o n  

a long  t h e  nonsepa ra t ing  s t r e a m l i n e ,  t h e  B e r n o u l l i  e q u a t i o n  

can be used t o  relate t h i s  t e r m  t o  t h e  p o t e n t i a l  v e l o c i t y  as 

follows : 

Adopting some c h a r a c t e r i s t i c  l e n g t h ,  L ,  and v e l o c i t y ,  Urn,  

f r o m  t h e  f l o w  f i e l d  o v e r  t h e  s u r f a c e  o b s t r u c t i o n ,  t h e s e  

e q u a t i o n s  can be nondimensional ized i n t o  t h e  f o l l o w i n g  form: 

- 0  + - -  aw” ai? 
ax* az* 
- (23) 
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where t h e  d imens ion le s s  q u a n t i t i e s  a r k  i n d i c a t e d  by Stars as 

and R e  d e n o t e s  t h e  d imens ion le s s  parameter  d e f i n e d  as t h e  

Reynolds '  number by 

Dropping t h e  d imens ion le s s  n o t a t i o n  and expanding, t h e  

e q u a t i o n s  t o  be s o l v e d  are g iven  by 

0 a i i  a i  - 
ax a z  - + - -  

A t r a n s f o r m a t i o n  of t h e  v e r t i c a l  c o o r d i n a t e ,  z ,  

(25) 

(26) 

which 

w i l l  compress the v e r t i c a l  l e n g t h  scale n e a r  t h e  w a l l  where 

t h e  v e l o c i t y  g r a d i e n t s  are t h e  m o s t  severe, is now i n t r o -  

duced i n t o  t h g  govern ing  e q u a t i o n s  i n  t h e  form of a s t r e t c h -  

i n g  f u n c t i o n  5 = f ( z ) .  Applying t h i s  c o o r d i n a t e  t r ans fo rma-  

t i o n  t o  t h e  v e r t i c a l  d e r i v a t i v e s  r e s u l t s  i n  t h e  f o l l o w i n g  

r e l a t i o n s :  
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Def in ing  t h e  f u n c t i o n s  

t h e  boundary l a y e r  e q u a t i o n s  become 

The s t r e t c h i n g  f u n c t i o n ,  5 ( z ) ,  used  i n  the c a l c u l a -  

t i o n s  p r e s e n t e d  i n  this i n v e s t i g a t i o n ,  i s  g iven  by t h e  

f o l l o w i n g  q u a d r a t i c  r e l a t i o n :  

z = tC2 + mg + n 

i n  which the c o n s t a n t s  E, m and n w e r e  a d j u s t e d  t o  most 

e f f i c i e n t l y  space  the c a l c u l a t i o n  p o i n t s  t h rough  the boundary 

l a y e r .  

The I m p l i c i t ,  F i n i t e  D i f f e r e n c e  Technique for  S o l u t i o n  of 

t h e  Boundary Layer  Equat ions  

Assuming t h a t  t h e  f low f i e l d  over t h e  e l l i p t i c a l  

c y l i n d e r  i s  r e p r e s e n t e d  by t h e  C a r t e s i a n  g r i d  g iven  i n  

F i g u r e  86, page 4 0 ,  t h e  e q u a t i o n s  o f  motion can be s o l v e d  by 
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approximAting d e r i v a t i v e s  by f i n i t e  d i f f e r e n c e s  e x p r e s s e d  

i n  t e r m s  of t h e  nodal p o i n t s  of t h i s  g r i d .  T h i s  numerical  

approximat ion  r e s u l t s  i n  a set  of f i n i t e  d i f f e r e n c e  equa- 

t i o n s  i n v o l v i n g  t h e  unknowr, v e l o c i z i e s  ai: noda l  p o i n t s  a l o n g  

an x-statior, ,  m + I, i n  t e r m s  of  known v a l u e s  a t  t h e  p r e -  

ced ing  s t a t i o n  m .  S p e c i f i c a l l y ,  the equaticlns are w r i t t e n  

in f i n i t e  d i f f e r e n c e  form a t  each p o i n t  of t h e  unknown m + 1 

s t a t i o n  u s i n g  t h e  f o l l o w i n g  e x p r e s s i o n s  for t h e  x- and z- 

d e r i v a t i v e s :  

- u  m + l , n + l  m+l,r?.-l U 
- - 

2A< 

However, s i n c e  t h e  momentum e q u a t i o n  of t h e  boundary 

l a y e r  i s  n o n l i n e a r  i n  t h e  i n e r t i a l  t e r n s ,  an  i t e r a t i v e  p ro -  

cedure  n u s t  b e  i n t r o d u c e d  i n t o  t h e  above numer i ca l  method. 

I r i t i a l l y ,  t h e  v a l u e s  of t h e  v e l c c i t y  a t  t h e  known s t a t i o n  m 

w i l l  be used t o  l i n e a r i z e  t h e  e q u a t i o n s  a t  m + 1. N u m e r i -  

c a l l y  s o l v i n g  t h e  sys tem of e q u a t i o n s  a t  m + 1, t h i s  s o l u -  

t i o n  can t h e n  be used  ro l i n e a r i z e  t h e  momentum e q u a t i o n  for 

E. second i t e r a t i o n .  C o n t i n u i r q  tl-is p r o c e s s  by r e p e a t e d l y  

11-rieariz i n g  t h e  boundary ' aye r  ec_uatior,  w i t h  s u c c e s s i v e  

s o l u t i o n s  f o r  t h e  velo3i t .y  ? t  r + ' l  u n t i l  convergence i s  

achieved, r e s u l t s  in t h e  n u m e r i c e l  s o l u t i o n  of t h e  f l o w  
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f i e l d  a t  t h i s  x - s t a t i o n .  Proceeding  downstream t o  t h e  n e x t  

s t a t i o n ,  m + 2 ,  t h i s  method can be repea- ted  by u s i n g  t h e  

converged s o l u t i o n  a t  m + 1 t o  i n i t i a l l y  l i n e a r i z e  t h e  eyua- 

t i o n s  a t  m + 2 c o n t i n u i n g  t h e  above i t e r a t i o n  p rocedure  

u n t i l  convergence of t h e  s o l u t i o n  a t  rn + 2 is reached .  I n  a 

s imi l a r  manner t h i s  numer i ca l  p rocedure  can  be marched down- 

s t ream o v e r  t h e  e n t i r e . f l o w  f i e l d  o b t a i n i n g  t h e  t u r b u l e n t  

boundary l a y e r  s o l u t i o n .  

Re tu rn ing  t o  t h e  d e t a i l s  of the numer ica l  s o l u t i o n ,  

t h e  i t e r a t i v e  t echn ique  and t h e  f i n i t e  d i f f e r e n c e  approxima- 

t i o n s  c a n ' b e  i n t r o d u c e d  i n t o  Equat ion 2 8 ,  r e s u l t i n g  i n  t h e  

fo l lowrny  a l g e b r a i c  e x p r e s s l o n  of t h e  boundary l a y e r  equa- 

t i o n s  a t  a p o i n t  ( m  + l ,  n ) :  

. m + l  , n+ l - u m + l ,  n- 1 
285 

U T U - u  . -  
m+l,n m r n  + $1 m+l,n Ax 

T 
m+l,n U 

where  t h e  s u p e r s c r l p t  T i n d i c a t e s  a t r i a l  v a l u e  from t h e  

p r e c e d i n g  i t e r a t l o n .  Rear ranglng  i n t o  t h e  f o l l o w i n g  g e n e r a l  
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form, Equa t ion  29 becomes 

+ B u + Cnun-l - - D n ,  2 c n  L N  - 1 An'n-l n n  

where t h e  e x p r e s s i o n s  A Bn,  Cn and Dn are g i v e n  by n '  

(30) 

T 
1 + E  Ax m+l,n 

m + l , n '  '1 2A5 R e  

I 'i' . - - - -  An = w 

T 
m+l,n . 2 . 2Ax 1 + €  T 

m+l,n R e  
-- - 

u2 @1 
+ -  Bn = u 

T 1 + F -  

m + l , n *  '1 = - R e  
- T Ax m+l,n cn - -w 

Applyincj t h e s e  e q u a t i o n s  a t  each of t h e  n o d a l  p o i n t s  

between t h e  s u r f a c e  and o u t e r  boundary c o n d i t i o n s ,  r e s u l t s  

i n  a sys t em of N - 2 a l g e b r a i c  e q u a t i o n s  as mentioned above. 

T h i s  s e t  of s imul t aneous  e q u a t i o n s  y i e l d s  a t r i d i a g o n a l  

c o e f f i c i e n t  m a t r i x  which c a n  b e  s o l v e d  by an e f f i c i e n t  

m a t r i x  i n v e r s i o n  t e c h n i q u e  i n v o l v i n g  t h e  f o l l o w i n g  r e c u r s i o n  

formula: 

u = E u  + Fn or n n n + l  
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S u b s t i t u t i n g  i n t o  Equa t ion  30, 

and s o l v i n g  for un 

t h e  unknown c o e f f i c i e n t s  En and Fn become 

which w i t h  Equa t ion  3 0  d e f i n e  t h e  v e l o c i t y  p r o f i l e  a t  sta- 

t i o n  m + 1, p r o v i d i n g  t h e  proper boundary c o n d i t i o n s  are 

s p e c i f i e d .  

The  l o w e r  boundary c o n d i t i o n  of a n o - s l i p  v e l o c i t y  a t  

t h e  w a l l  is i n c o r p o r a t e d  i n t o  Equat ion  3 1  t o  y i e l d  v a l u e s  of 

El and of z e r o .  Using t h e s e  i n i t i a l  v a l u e s  E and Fn can 

be c a l c u l a t e d  through the boundary l a y e r  by E q u a t i o n s  3 2  and 

3 3 .  The o u t e r  boundary c o n d i t i o n  is used i n  Equa t ion  3 1  t o  

i n i t i a t e  t h e  c a l c u l a t i o n  of t h e  v e l o c i t i e s  toward the w a l l .  

H o w e v e r ,  i n  order t o  i n c o r p o r a t e  the c o n d i t i o n s  imposed on 

t h e  v e l o c i t y  by t h e  surface roughness ,  t h e  above numer ica l  

p r o c e d u r e  must be  al tered i n  c a l c u l a t i n g  t h e  velocit ies n e a r  

t h e  w a l l  by a p p l y i n g  t h e  l o g a r l t h m l c  v e l o c i t y  d i s t r i b u t i o n  

n 

49 



t o  t h e  p o i n t s  c lo ses t  t o  t h e  lower boundary. R e c a l l i n g  t h a t  

t h e  l o g a r i t h m i c  l a w  i m p l i e s  a l a y e r  of c o n s t a n t  s h e a r ,  as 

shown i n  F i g u r e  6 ,  page 3 3 ,  t h e  f r i c t i o n  v e l o c i t y ,  u*, w i l l  

a l s o  be c o n s t a n t  i n  t h i s  r e g i o n .  T h e r e f o r e ,  assuming t h e  

v a l u e  of u*  i s  g iven  by 

t h e  v e l o c i t y  a t  p o i n t  2 can be c a l c u l a t e d  by t h e  l o g a r i t h m i c  

law as 

and u ( l )  w i l l  remain z e r o  a t  t h e  w a l l .  

I n  summary ,  t h e  method for c a l c u l a t i n g  t h e  v e l o c i t y  

p r o f i l e  dt m + 1 is :  

and Dn f r o m  known v a l u e s .  n '  'n' 'n 

n 

1 .  C d l c u l a t e  A 

2 .  C a l c u l a t e  L' and Fn by Equa t ions  3 1  and 3 2  

starting w i t h  n = L t o  n = N - 1, w i t h  E l  = 0 ,  

E' = 0 .  1 

3 .  C a l c u l a t e  u ( n )  inward  f r o m  t h e  o u t e r  boundary 

c o n d i t i o n  t o  n = 3 by Equa t ion  3 0 .  

4 .  C a l c u l a t e  u ( 2 )  by t h e  l o g a r i t h m i c  l a w .  

The  v e l o c i t y  p r o f i l e  i n  t h e  ve r t i ca l  d i r e c t i o n  can be 

o b t a i n e d  by i n t e g r a t i n g  t h e  c o n t i n u i t y  equat ion g i v e n  by 

Equat ion  2 7  u s i n g  t h e  v e l o c i t y  p r o f i l e  calculated above.  
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Approximating t h i s  i n t e g r a l  by t h e  t r a p e z o i d a l  r u l e ,  t h e  

ver t ical  v e l o c i t y  component can b e  c a l c u l a t e d  by s u c c e s s i v e l y  

s o l v i n g  t h e  f o l l o w i n g  e q u a t i o n  from t h e  w a l l  t o  t h e  o u t e r  

'I'he above e q u a t i o n  t o g e t h e r  w i t h  Equa t ions  3 0 ,  31 and 

32  and t h e  boundary c o n d i t i o n s  g i v e  t h e  numer ica l  s o l u t i o n  

of t h e  boundary l a y e r  a t  s t a t i o n  m + 1, a f t e r  a s u i t a b l e  

m o d e l  of t h e  eddy v i s c o s i t y  and p r e s s u r e  d i s t r i b u t i o n  have  

been i n t r o d u c e d .  

Comments on Convergence and Accuracy of t h e  Numerical -- --- 

S o l u t i o n  

I n  d e v e l o p l n g  t h e  numerical s o l u t i o n  of t h e  t u r b u l e n t  

boundary l a y e r  e q u a t i o n s ,  o u t l i n e d  i n  t h e  p r e v i o u s  sec t ion  a 

b a l a n c e  between t h e  convergence and accu racy  r e q u i r e d  i n  t h e  

s o l u t i o n  and t h e  amount of computing t i m e  n e c e s s a r y  t o  m e e t  
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t h e s e  c o n d i t i o n s  must be consider - 6 .  One of t h e  most 

impor tan t  f a c t o r s  a f f e c t i n g  t h i s  b a l a n c e  i s  t h e  g r i d  spac-  

i n g ,  Ax a n d  Az,  employed i n  approximat ing  the der iva t ives  by 

f i n i t e  d i f f e r e n c e s .  T h e r e f o r e ,  t h e  f o l l o w i n g  s e c t i o n  w i l l  

d i s c u s s  t h e  e f f e c t s  of t h i s  numer ica l  increment  s i z e  on t h e  

convergence,  accu racy  and computing t i m e  and o u t l i n e  s o m e  o f  

the developmenta l  w o r k  done i n  o p t i m i z i n g  t h e  s t e p  s i z e .  

Convergence of t h e  i t e r a t i v e  p rocedure .  The i t e r a t i v e  ------ -- - 
procedure ,  p r e v i o u s l y  i n t r o d u c e d  t o  s o l v e  t h e  numer i ca l  

e q u a t i o n s ,  must converge i n  order t o  o b t a i n  a meaningfu l  

s o l u t i o n  o f  the boundary l a y e r ;  t h a t  i s ,  t h e  d i f f e r e n c e  

between s u c c e s s i v e  approximat ions  of t h e  s o l u t i o n  a t  a 

p a r t i c u l a r  x - s t a t i o n ,  m + 1, must c o n t i n u a l l y  decrease as 

t h e  number o f  i t e r a t i o n s  i n c r e a s e s .  However, t h e  convergence 

of t h e  s o l u t i o n  t o  t h e  e x a c t  v a l u e ,  i n  which t h e  d i f f e r e n c e  

b c t w e e n  : ~ U C C C S S L V P  c a l c u l a t i o n s  i s  zero, r e q u i r e s  d very  

1,irqc nunitxr o t  1 t e r a t i o n s  i n c r e a s i n y  the costs i n  computiny 

t i m e  w c l  I L ~ : y o n d  t lit> va luc  of  t h e  improvrin1ent.s niddc i n  t h e  

s o l u t i o n .  '[ 'herefore, i t  is necessa ry  t o  i n t r o d u c e  a s m a l l  

deg ree  of inaccuracy  due t o  incomple te  convergence  as a 

comprom~se for. r e a s o n a b l e  computing t i m e  - Thus t h e  opt imi-  

z a t i o n  of a numer i ca l  scheme i n v o l v e s  r e d u c i n g  t h e  number of 

i t e r a t i - o n s  I i n c r e a s i n g  t h e  rate of convergence)  r e q u i r e d  t o  

e f f i c i e n t l y  o b t a i n  a g i v e n  Level of a c c u r a c y .  

I n  any i t e r a t i v e  t e c h n i q u e ,  t h e  accu racy  o f  t h e  

i n i t i a l  guess  made a t  t h e  converged  s o l u t i o n  d e t e r m i n e s  t h e  
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number of i t e r a t i o n s  r e q u i r e d  t o  reach t h a t  s o l u t i o n .  I n  

t h e  p r e s e n t  method the  i n i t i a l  guess ,  used  i n  l i n e a r i z i n g  

t h e  e q u a t i o n s ,  is  t h e  c a l c u l a t e d  v e l o c i t y  p r o f i l e  a t  t he  

p reced ing  x - s t a t i o n .  The re fo re ,  t h e  s t r e n g t h  of t h e  veloc- 

i t y  g r a d i e n t  i n  the  x - d i r e c t i o n  s i g n i f i c a n t l y  i n f l u e n c e s  t h e  

rate of convergence and de termines  t h e  s i z e  of t h e  f i n i t e  

increment  i n  t h e  x-coord ina te ,  as shown i n  t h e  n e x t  s e c t i o n .  

The e f f e c t  of t r u n c a t i o n  error on accuracy.  I n  addi- 

t i o n ,  t o  t h e  errors b rough t  about  by incomple te  convergence,  

t h e  t r u n c a t i o n  error, or t h e  d i f f e r e n c e  between the s o l u t i o n  

of the f i n i t e  d i f f e r e n c e  e q u a t i o n s  and t h a t  of  the d i f f e r -  

e n t i a l  e q u a t i o n s ,  i s  a lso a problem associated w i t h  a 

numer i ca l  s o l u t i o n .  S i n c e  the d e r i v a t i v e s  are approximated 

by incomple te  series expans ions  of d i f f e r e n c e s  m a d e  over 

f i n i t e  d i s t a n c e s ,  t h e  t r u n c a t i o n  error i s  a f u n c t i o n  of the 

g r i d  s p a c i n g ,  and ffects n o t  on ly  the  rate of convergence 

b u t  a l s o  the accuracy of t h e  s o l u t i o n ,  becoming m o s t  c r i t i ca l  

i n  r e g i o n s  w h e r e  t h e  g r a d i e n t s  of v e l o c i t y  are the l a r g e s t .  

W i t h  t h i s  i n  mind, t h e  i n i t i a l  i n v e s t i g a t i o n  of t h e  t u r b u l e n t  

s o l u t i o n  i n d i c a t e s  t h a t  the  maximum h o r i z o n t a l  g r a d i e n t  

o c c u r s  i n  r e g i o n s  w h e r e  changes i n  p r e s s u r e  are t h e  m o s t  

s e v e r e ,  t h a t  is, n e a r  the s e p a r a t i o n  r e g i o n s  upstream and 

downstream of t h e  o b s t r u c t i o n ,  and t h a t  t h e  maximum v e l o c i t y  

- 

g r a d i e n t s  i n  the ver t ica l  d i r e c t i o n  occur  n e a r  t h e  w a l l .  

Op t imiza t ion  of t h e  numer ica l  scheme i n  approximat ing  

h o r i z o n t a l  g r a d i e n t s  i n  r eg ions  of l a r g e  p r e s s u r e  v a r i a t i o n  



has  been ach ieved  by a l l o w i n g  t h e  h o r i z o n t a l  i nc remen t  

s p a c i n g ,  Ax, t o  va ry  as a f u n c t i o n  of the number of i t e ra -  

t i o n s  r e q u i r e d  for convergence a t  a p a r t i ' c u l a r  x - s t a t i o n .  

As t h e  i t e r a t i o n s  i n c r e a s e ,  Ax is  decreased s o  t h a t  t h e  

number of i t e r a t i o n s  i s  k e p t  below an upper  l i m i t .  However, 

f o r  l a r g e  magnitudes of t h e  a d v e r s e  p r e s s u r e  g r a d i e n t s ,  

which occur  n e a r  t h e  s e p a r a t i o n  r e g i o n s ,  t h e  i t e r a t i v e  p ro -  

cedure  w i l l  n o t  converge,  so t h a t  c o n t r o l  on Ax w i l l  

c o n t i n u e  t o  decrease t h e  s t e p  s i z e ,  e f f e c t i v e l y  d e t e r m i n i n g  

a s e p a r a t i o n  p o i n t  of t h e  boundary l a y e r .  

T h e  t r u n c a t i o n  errors associated w i t h  t h e  approxima- 

t i o n  of t h e  v e r t i c a l  v e l o c i t y  g r a d i e n t s  are a l so  c o n t r o l l e d  

by a v a r i a b l e  g r i d  s p a c i n g  i n  t h e  v e r t i c a l  coordinate ,  

i n t r o d u c e d  p r e v i o u s l y  by t h e  s t r e t c h i n g  f u n c t i o n ,  L ( 2 ) .  

S ince  thc: v e l o c i t y  g r a d i e n t s  are l a r g e s t  a t  t h e  w a l l ,  t h e  

most im1)ortant f a c t o r  i n  d e t e r m i n i n g  t h e  magnitude of  t h e  

t r u n c a t i o n  crrors  J S  tlic p h y s i c a l  g r i d  s i z e  a t  t h e  w a l l ,  

denotccl 1Jy ( A Z )  =- o .  I n  the p r e s e n t  numer i ca l  scheme t h i s  

va lue  is c o n s t a n t  th roughout  t h e  c a l c u l a t i o n  f i e l d  and  is  

de termined  as a f r a c t i o n  of t h e  boundary l a y e r  t h i c k n e s s  of 

t h e  v e l o c i t y  p r o f i l e  used  as an  i n i t i a l  c o n d i t i o n  on t h e  

e q u a t i o n s .  

The f o l l o w i n g  s e c t i o n  p r e s e n t s  a p o r t i o n  of t h e  work 

c a r r i e d  o u t  t o  o p t i m i z e  t h e  numer i ca l  t e c h n l q u e  through an  

e f f i c i e n t  cho ice  of s t e p  s i z e s .  Toward t h i s  end  numerical 

s o l u t i o n s  are compared w i t h  experi .menta1 da t a  for t u r b u l e n t  

flow o v e r  a f l a t  p l a t e .  
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Comparison of Numerical  S o l u t i o n s  w i t h  K.nown T u r b u l e n t  F l o w s  

Comparison o f  t h e  t u r b u l e n t  boundary l a y e r  s o l u t i o n  

w i t h  t h e  measured mean v e l o c i t y  p r o f i l e s  o f  Wieghardt  ( 2 5 )  

f o r  f low over  a smooth f l a t  p la te  w i t h o u t  imposed p r e s s a r e  

g r a d i e n t s  i s  g iven  i n  F igu re  9 ,  showing s e v e r a l  c a l c u l a t e d  

v e l o c i t y  d i s t r i b u t i o n s  a t  one x - l o c a t i o n  f o r  d i f f e r e n t  

v a l u e s  of t h e  v e r t i c a l  increment  s i z e  A < .  All c a l c u l a t i o n s  

w e r e  s t a r t e d  a t  an i n i t i a l  s t a t i o n ,  x i ,  w e l l  upstream, u s i n g  

a p r o f i l e  i n t e r p o l a t e d  from t h e  d a t a  a t  t h i s  p o i n t ,  and w e r e  

ex tended  downstream u s i n g  a c o n s t a n t  Ax s t e p  s i z e  of  one 

c e n t i m e t e r ,  u t i l i z i n g  t h e  V a n  Dr i e s t -C lause r  eddy v i s c o s i t y  

model, p r e v i o u s l y  d i s c u s s e d .  

F r o m  ear l ie r  d i s c u s s i o n s ,  t h e  c r i t i ca l  f a c t o r  i n  

l i m i t i n g  t h e  t r u n c a t i o n  errors a s s o c i a t e d  w i t h  t h e  v e r t i c a l  

v e l o c i t y  g r a d i e n t  w a s  determined t o  be t h e  p h y s i c a l  s t e p  

s i z e  a t  t h e  w a l l ,  

by t h e  s t r e t c h i n g  f u n c t i o n  as 10 p e r  c e n t  o f  A < .  The 

( A Z ) ~ , ~ ,  which i n  a l l  c a l c u l a t i o n s  i s  se t  

importance of t h i s  f a c t o r  i n  de t e rmin ing  t h e  ,accuracy of  t h e  

s o l u t i o n  is d r a m a t i c a l l y  i l l u s t r a t e d  i n  F igu re  9 by t h e  

obv ious ly  e r roneous  v e l o c i t y  p r o f i l e  ob ta ined  i n  t h e  c a l c u -  

l a t i o n  employing fAz)  z=o of 0 . 2  m i l l i m e t e r s ,  which r e p r e s e n t s  

approximate ly  2.0 p e r  c e n t  of t h e  i n i t i a l  boundary l a y e r  

t h i c k n e s s .  The o t h e r  t w o  p r o f i l e s  i n  t h i s  f i g u r e ,  c a l c u -  

l a t e d  w i t h  s m a l l e r  va lues  o f  ( A z )  z=o o f  0 .5  p e r  c e n t  and 1 . 0  

p e r  c e n t  o f  t h e  i n i t i a l  boundary l a y e r  t h i c k n e s s ,  r e spec -  

t i v e l y ,  are w e l l  behaved w i t h  t h e  smallest  v a l u e  g i v i n g  a 

s l i g h t l y  bet ter  approximation of t h e  d a t a .  F igu re  1 0  
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Ficjure 10. E f f e c t  of increment size on 6*. 
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on t h e  ca lcu la-  z=o i l l u s t r a t e s  t h e  same i n f l u e n c e  of (Az)  

t i o n s  of t h e  d i s p l a c e m e n t  t h i c k n e s s  over t h e  p l a t e .  

Based on t h e  above d i s c u s s i o n ,  i t  w a s  d e c i d e d  t o  

l i m i t  t h e  maximum v a l u e  of (Az)  t o  1 . 0  p e r  c e n t  of t h e  

i n i t i a l  boundary l a y e r  t h i c k n e s s ,  imply ing  an  upper  l i m i t  o n  

t h e  numer i ca l  s t e p  s i z e ,  A < ,  of 10 t i m e s  t h i s  v a l u e .  

z=o 

Opt imiz ing  t h e  r a t e  of convergence,  as p r e v i o u s l y  

d i s c u s s e d ,  by c o n t r o l l i n g  t h e  number of i t e r a t i o n s  th rough  

v a r i a t i o n  of Ax, b a s i c a l l y  d e t e r m i n e s  t h e  s i z e  of t h i s  

i n c r e m e n t .  However, Ax w a s  n o t  a l lowed t o  grow t o  a magni- 

t u d e  of l a r g e r  t h a n  1 0  t i m e s  A <  i n  o r d e r  t o  c o n t r o l  t h e  

t r u n c a t i o n  e r r o r  i n t r o d u c e d  by t h e  approximat ion  of t h e  

h o r i z o n t a l  g r a d i e n t s .  
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DISCUSSION O F  RESULTS FOR TkiL E'lIOW F I E L D  

NEAR ELLIPTICAL OBSTRUCTIONS 

Numerical s o l u t i o n s  o f  t h e  t u r b u l e n t  boundary l a y e r  

e q u a t i o n s  have been carried o u t  f o r a  number of  d i f f e r e n t  

cases i n v o l v i n g  a tmosphe r i c  flow over e l l i p t i c a l  c y l i n d e r s  

o f  v a r i o u s  a s p e c t  r a t io s  and s u r f a c e  rouqhnesses .  The 

r e s u l t s  of t h e s e  c a l c u l a t i o n s  are d i v i d e d  i n t o  t w o  t y p e s :  

t h e  f i rs t ,  p r e s e n t e d  i n  t h i s  c h a p t e r ,  i n v o l v e s  t h e  a n a l y s i s  

of t h e  f l o w  f i e l d  i n  a r e g i o n  above t h e  o b s t r u c t i o n  on t h e  

o r d e r  of one e l l i p s e  h e i g h t  i n  which t h e  p r e s s u r e  g r a d i e n t  

and o u t e r  boundary c o n d i t i o n  are s p e c i f i e d  a long  t h e  non- 

s e p a r a t i n g  s t r e a m l i n e ;  and t h e  second,  t o  be p r e s e n t e d  i n  

C h a p t e r  V ,  i n  w h i c h  t h e  a n a l y s i s  i s  ex tended  t o  i n c l u d e  t h e  

f l o w  f i e l d  i n  a l a r g e r  r e g i o n  of i n f l u e n c e  above t h e  

e l l i p t i c a l  c y l i n d e r ,  i n c o r p o r a t e s  the decay ing  p r e s s u r e  

d i s t r i b u t i o n  and o u t e r  boundary c o n d i t i o n s  d i c t a t e d  by t h e  

l o g a r i t h m i c  v e l o c i t y .  

C o n s i d e r i n g  t h e  f low f i e l d  close t o  t h e  body, t h e  

f o l l o w i n g  s o l u t i o n s  are o b t a i n e d  f r o m  a r e g i o n  o f  c a l c u l a -  

t i o n  shown i n  F i g u r e  11. The c a l c u l a t i o n  p rocedure ,  

d e s c r i b e d  i n  Chap te r  111, is  i n i t i a t e d  w i t h  t h e  l o g a r i t h m i c  

v e l o c i t y  p r o f i l e ,  c h a r a c t e r i s t i c  of t h e  approaching  wind, a t  

a p o s i t i o n  ups t ream o f  t h e  body of 20  t i m e s  t h e  h e i g h t  of 

t h e  e l l i p s e .  T h i s  l o c a t i o n  i s  chDsen because  i t  r e p r e s e n t s  
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a d i s t a n c e  o u t s i d e  of which the  p r e s s u r e  d i s t u r b a n c e  c r e a t e d  

by the o b s t r u c t i o n  i s  less than  one p e r  c e n t  of t h e  free 

stream p r e s s u r e  . Proceeding  downstream, t he  v e l o c i t y  pro-  

f i l es  are c a l c u l a t e d  as shown, u s i n g  t h e  p o t e n t i a l  v e l o c i t y ,  

as an  o u t e r  boundary c o n d i t i o n ,  p a s s i n g  through t h e  'e 8 

r e g i o n  of adve r se  p r e s s u r e  where t h e  v e l o c i t i e s  d e c r e a s e  and 

t h e  boundary l a y e r  grows t o  t h e  f a v o r a b l e  p r e s s u r e  on t o p  

of the e l l i p s e  where  t h e  f l o w  is accelerated. 

The r e s u l t s  of t h i s  c a l c u l a t i o n  oi t h e  boundary l a y e r  

ove r  t h e  e l l i p t i c a l  o b s t r u c t i o n  can be conven ien t ly  d i s -  

cussed  i n  terms of three r e l e v a n t  pa rame te r s  which evo lve  

f r o m  the d imens ion le s s  governing e q u a t i o n s .  I n s p e c t i o n  of 

t h e  boundary l a y e r  Equat ions  2 5  and 26 and t h e  assumptions 

conce rn ing  t h e  p r e s s u r e  f i e  Id and boundary condik ions  which 

a p p l y ,  i d e n t i f i e s  these parameters  as: f i rs t ,  t h e  a s p e c t  

r a t io ,  k, of t h e  e l l i p t i c a l  c y l i n d e r ,  d e f i n e d  as t h e  r a t i o  

of t h e  l e n g t h  major a x i s  which i s  p a r a l l e l  t o  t h e  ground, t o  

t h e  h e i g h t  of t h e  e l l ipse which has been f i x e d  i n  a l l  cases 

c o n s i d e r e d  t o  a v a l u e  of one m e t e r ;  second,  t h e  s u r f a c e  

roughness  c h a r a c t e r i z e d  by a v e r t i c a l  l e n g t h  scale, z - and 
0, 

t h i r d ,  t h e  Reynolds number, exp res sed  in t e r m s  of t h e  h e i g h t  

of the e l l i p t i c a l  c y l i n d e r ,  b, and a characterist ic v e l o c i t y ,  

U r n ,  d e f i n e d  a t  t h i s  same h e i g h t  by t h e  l o g a r i t h m i c  v e l o c i t y  

l a w .  

T h e  E f f e c t  of E l l i p t i c a l  A s p e c t  R a t i o  on t h e  Boundary Layer - 

The effects of a p a r a m e t r i c  v a r i a t i o n  of t h e  a s p e c t  

61 



ratio on the velocity profiles at the top of the ellipse are 

shown in F'igurcs 12 and 1 3  for two different surface rough- 

nesses. The apparent unusual behavior of the curves at the 

coordinate position (1, 1) can be explained both by the 

nature of the boundary condition chosen and by the smoothing 

e f f e c t  c;f the numerical integration. In the former case 

u/IJe becomes unity at an elevation slightly greater than 

z/b = 1 due to the displacement of the potential solution 

streamlines along which Ue is evaluated. 

solution by the boundary conditions makes the solution in 

this region less reliable than the remaining portion of the 

velocity profile. In both cases, the effect of increasing 

the aspect ratio is a decrease in the mean wind velocity at 

the top of  the ellipse. It is also of interest to compare 

the changes produced by the different ellipses in the 

initial logarithmic velocity profile existing far upstream. 

For the low aspect ratios, the velocity profiles show wind 

speeds at the top which are greater than the approaching 

wind, but the larger aspect ratio produces velocities which 

are very close to the initial logarithmic distribution, 

characteristic of the undisturbed flow, deviating signifi- 

cantly only in the outer portion of the profile where the 

boundary layer growth causes a decrease in velocity from the 

initial values. 

The forcing of the 

The effect of the elliptical aspect ratio on the veloc- 

ity profiles can be explained in terms of the pressure field 

assumed to exist over the cylinders as shown in Figure 14. 
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0.01 

0 0.2  0 . 4  - 0 . 6  0 . 8  1 .0  we 
Figure  1.2. Effect of e l l i p t i c a l  aspect ratio on v e l o c i t y  

profile at the top of t h e  e l l i p s e  fo r  zo/b = 0.005. 
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F igu re  1 3 .  E f fec t .  of e l l i p t i c a l  a s p e c t  r a t i o  on v e l o c i t y  
p r o f i l e  a t  t h e  top o f  t h e  e l l i p s e  for  z /b = 0 .020 .  

0 
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Comparing t h e  a d v e r s e  p r e s s u r e  g r a d i e n t  g i v e n  a l o n g  t h e  

nonsepara t j -ng  s t r e a m l i n e s  f o r  t h e  l a r g e  and sma l l  a s p e c t  

r a t i o ,  i t  is  a p p a r e n t  t h a t  t h e  p r e s s u r e  d i s t r i b u t i o n s  are 

v e r y  s imi l a r  w i t h  t h e  2 / 1  e l l i p s e  hav ing  o n l y  a s l i g h t l y  

larger g r a d i e n t .  O n  t h e  o t h e r  hand, t h e  f a v o r a b l e  p r e s s u r e  

g r a d i e n t  is obv ious ly  q u i t e  d i f f e r e n t  f o r  t h e  t w o  cases., 

For t h e  1 0 / 1  e l l i p s e  t h e  g r a d i e n t  i s  l a r g e  on ly  f o r  a s h o r t  

d i s t a n c e  n e a r  t h e  l e a d i n g  edge t h e n  r a p i d l y  d e c r e a s e s  t o  a 

very  s m a l l  v a l u e  o v e r  a s i g n i f i c a n t  p o r t i o n  n e a r  t h e  t op  o f  

t h e  e l l i p s e .  For t h e  2 / 1  e l l i p s e  t h e  f a v o r a b l e  g r a d i e n t  i s  

much l a r g e r  approaching  z e r o  o n l y  i n  a very  s m a l l  r e g i o n  a t  

t h e  t o p  o f  t h e  c y l i n d e r .  The a d d i t i o n a l  a c c e l e r a t i o n  g i v e n  

t o  t h e  f low by t h i s  l a r g e r  p r e s s u r e  f o r c e  i s  t h e  pr imary  

cause  o f  t h e  h i g h e r  wind speeds  shown i n  F i g u r e s  1 2  and 1 3  

a t  t o p  of t h e  smaller a s p e c t  r a t i o  e l l i p s e s .  I n  a d d i t i o n ,  

t h e  f a c t  t h a t  t h e  v e l o c i t y  t e n d s  t o  r e t u r n  t o  t h e  l o g a r i t h m i c  

d i s t r i b u t i o n  a t  t h e  t op  cf tlie l o n g e r  e l l i p s e  cap also be 

e x p l a i n e d  hy  considering t h e -  r e g i o n  of a f a v o r a b l e  pressure 

g r a d i e n t .  Rt?(:d 11 1 n y  t t i a t  the l o g a r i t h m i c  v e l o c i t y  1s 

c h a r a c t e r i s t i c  of z e r o  p r e s s u r e  g r a d i e n t  f low,  i t  LS n o t  

s u r p r i s i n g  t h a t  t h e  boundary l a y e r  a t  t h e  t o p  o f  t h e  1 0 / 1  

e l l i p s e  approaches  t h e  Logar i thmic  form of t h e  ups t r eam,  

u n d i s t u r b e d  wind p r o f  1 l e ,  

T h e  E f f e c t  o f  S u r f a c e  Roughness on t h e  Boundary Layer  -- -- _I- ------ 
T h e  e f f e c t s  of v a r i a t i o n  i n  s u r f a c e  roughness  on t h e  

veloci t -y  o f  ~ I I P  w i n d  clt thc? t ~ p  of  the 2 / 1  and 1 0 / 1  e l l i p s e s  

are shown i n  k ' i g u r e s  15 and 1 6 ,  r e s p e c t i v e l y ,  f o r  s e v e r a l  
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Figure 15. E f f e c t  of sur face  roughness on the velocity 
p r o f i l e s  a t  t he  top  of t he  2/1 e l l i p s e .  
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Figure 1 6 .  E f f e c t  of s u r f a c e  roughness  on t h e  v e l o c i t y  
p r o f i l e s  a t  the t o p  of 10/1 e l l i p s e .  
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d i f f e r e n t  rouyliness v a l u e s ,  zo /b ,  ranyincj from 0 .005  t o  

D 020 .  T h e  decrease i n  t h e  v e l o c i t y  a t  t h e  t o p  of the t w o  

e l l i p s e s  caused  by i n c r e a s i n g  t h e  roughness ,  can  r e a d i l y  b e  

e x p l a i n e d  by examining t h e  i n f l u e n c e  of  t h e  i n d i v i d u a l  

roughness  e l e m e n t s  on  t h e  f l o w  i n  t h e  v i c i n i t y  of t h e  ground. 

A s  d i s c u s s e d  p r e v l o u s l y ,  t h e r e  are t w o  e f f e c t s  produced by 

t h e  p r o t r u s i o n s  o f  t h e  s u r f a c e  i n t o  t h e  flow: t h e  f i r s t  is 

t h e  i n c r e a s e d  d r a g  of t h e  f l u i d  on the s u r f a c e  caused  by t h e  

s e p a r a t i o n  of t h e  boundary l a y e r  on a s m a l l  scale; and t h e  

second is  t h e  l a r g e r  s h e a r  b rough t  about  by t h e  m o r e  t u r b u -  

l e n t  eddy ing  motion produced i n  t h e  region close t o  t h e  

s u r f a c e .  Both o f  t h e s e  e f f e c t s  are enhanced by l a r g e r  

roughness  c r ea t ing  a greater d i s s i p a t i o n  of t h e  momentum 

th rough  t h e  boundary l a y e r .  

Comparing t h e  effects of a n  increase i n  roughness  on 

t h e  t w o  d i f f e r e n t  e l l i p s e s  shown i n  F i g u r e s  15 and 1 6 ,  it 

a p p e a r s  t h a t  t h e  roughness  change does n o t  i n f l u e n c e  t h e  

f low f i e l d s  for t h e  t w o  d i f f e r e n t  a s p e c t  r a t io s  t o  t h e  same 

d e g r e e .  ' I ' h i s  is  more a p p a r e n t  i n  F i g u r e  17 where t h e  

d i f f e r e n c e ,  Au, i n  v e l o c i t y  calculated w i t h  roughness  z /b = 

0 . 0 0 5  and t h a t  fo r  zo/b = 

h e i g h t  above t h e  s u r f a c e .  From t h i s  f i g u r e  i t  is obv ious  

t h a t  increased roughness  h a s  more i n f l u e n c e  on t h e  boundary 

l a y e r  n e a r  t h e  s u r f a c e  of t h e  2 / 1  e l l i p s e  t h a n  t h e  l O / l ,  b u t  

t h a t  t h i s  i n f l u e n c e  decays  r a p i d l y  toward t h e  o u t s i d e  o f  t h e  

s u r f a c e  Layer c a u s i n g  roughness  e f f e c t s  t o  become m o r e  

i n f l u e n t i a l  i n  t h e  o u t e r  r e g i o n  f o r  t h e  10/1 e l l i p s e .  

0 

.020 is p l o t t e d  as a f u n c t i o n  o f  
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Figure  1 7 .  Comparison of t h e  e f f e c t s  o f  changes i n  s u r f a c e  
roughness  on v e l o c i t y  p r o f i l e  a t  t h e  t o p  of t h e  2 / 1  
and 10/1 e l l i p s e .  
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T h e s e  r e s u l t s  can b e  e x p l a i n e d  by a g a i n  comparing t h e  

p r e s s u r e  f i e l d  ove r  t h e  t o p  of t h e  2 / 1  and  10/1  e l l i p t i c a l  

h c y l i n d e r s .  A s  p r e v i o u s l y  d i s c u s s e d  t h e  pressur ,e  g r a d i e n t s  

which e x i s t  a long  t h e  t o p  of t h e  larger a s p e c t  r a t i o  

e l l i p s e  are ex t r eme ly  s m a l l ,  s o  t h a t  t h e  f o r c e  created by 

t h i s  g r a d i e n t  is n e g l i g i b l e ,  and t h e  momentum o f  t h e  f low i n  

regions n e a r  t h e  top of t h e  10/1 e l l ipse i s  e f f e c t i v e l y  

determined by t h e  v i s c o u s  f o r c e s  o n l y .  T h e r e f o r e ,  t h e  

v l s c o u s  e f f e c t s  produced by t h e  s u r f a c e  roughness  e x t e n d  

much f u r t h e r  i n t o  t h e  boundary l a y e r  f o r  t h e  1 0 / 1  e l l i p s e ,  

e x p l a i n i n g  t h e  l a r g e r  v a l u e s  of Au c a l c u l a t e d  i n  t h e  o u t e r  

r e g i o n  of t h e  boundary l a y e r  as obse rved  i n  F i g u r e  17 .  

L 

O n  t h e  o t h e r  hand, t h e  much l a r g e r  f a v o r a b l e  p r e s s u r e  

g r a d i e n t s  which e x i s t  over  t h e  t o p  o f  t h e  2 / 1  e l l i p s e  have  

an i n f l u e n c e  on t h e  f l o w  which can be used  t o  e x p l a i n  t h e  

e f f e c t s  of a change i n  roughness  obse rved  n e a r  t h e  s u r f a c e .  

L Because o f  t h e  l a r g e r  a c c e l e r a t i o n  produced by t h e s e  f a v o r -  

able p r e s s u r e  f o r c e s ,  t h e  v e l o c i t y  q r a d i e n t  n e a r  t h e  w a l l  i s  

g r e a t e r  for  t h c ' 2 / 1  ellipse than €or the 1 0 / 1  e l l i p s e .  

The re fo re  , s i n c e  t h e  v i scous  s h e a r  i s  d i r e c t l y  re la ted t o  

1 t h i s  g r a d i e n t ,  t h e  effects of roughness  w i l l  a l so  b e  l a r g e r  

i n  this reg ion ,  l e a d i n g  t o  t h e  r e s u l t s  shown i n  F i g u r e  17 .  

The Reynolds * Number as a Parameter  - -- 
Nondimens iona l iz ing  t h e  govern ing  e q u a t i o n s  by a 

c h a r a c t e r i s t i c  l e n g t h  and v e l o c i t y  produces  t h e  Reynolds '  

number as a pa rame te r  of t h e  boundary l a y e r .  However, by 

d e f i n i n g  t h e  Reynolds '  number i n  t e r m s  of  t h e  l o g a r i t h m i c  
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wind p r o f i l c  w l i i c 1 1  cxists fa r  upstream, it: i s  no l o n g e r  a n  

independent  pa rame te r  of t h e  e q u a t i o n s  h u t  becomes a func-  

tion of t h e  s u r f a c e  roughness ,  as shown i n  t h e  f o l l o w i n g  

equa t ion :  

I 

On t h e  o t h e r  hand, t h i s  d e f i n i t i o n  o f  t h e  Reynolds '  number 

i n t r o d u c e s  a new v a r i a b l e  i n t o  t h e  problem a s  t h e  i n i t i a l  

f r i c t i o n  v e l o c i t y  of t h e  u n d i s t u r b e d  f low,  u * ~ ,  which h a s  

been chosen a s  t h e  independent  pa rame te r ,  e n t e r i n g  t h e  

e q u a t i o n s  through t h e  Reynolds ' number. 

The i n f l u e n c e  of t h e  i n i t i a l  f r i c t i o n  v e l o c i t y  on t h e  

o v e r a l l  f low f i e l d  i s  i l l u s t r a t e d  i n  F i g u r e  18  by t h e  d i s -  

t r i b u t i o n  o f  t h e  d i sp lacemen t  t h i c k n e s s  o v e r  t h e  2 / 1  a s p e c t  

r a t i o  e l l i p s e .  Two c u r v e s  are shown, one f o r  a v a l u e  of 

= 0 . 4 0  meters / second and t h e  o t h e r  f o r  = 1 . 0 0  
u*O 

meters / second which co r re spond  to Iieynolds '  numbers of 

3 . 8  x 10 and 9 . 5  x l o 5 ,  r e s p e c t i v e l y .  For t h e  v a l u e s  o f  

f r i c t i o n  v e l o c i t y  used  i n  t h e s e  t w o  c a l c u l a t i o n s ,  t h e  

maximum change o c c u r r i n g  i n  t h e  d i s p l a c e m e n t  t h i c k n e s s  f o r  

a n  i n c r e a s e  i n  u*o by a f a c t o r  o f  2 . 5  i s  o n l y  0 .87  p e r  c e n t .  

Thus, it i s  s u g g e s t e d  t h a t  t h e  Reynolds '  number, on the  order 

of t h e  magnitudes g i v e n  above,  h a s  l i t t l e  e f f e c t  on t h e  

boundary l a y e r .  T h i s  c o n c l u s i o n  can  a l so  be v e r i f i e d  by 

examining t h e  nondimens lona l  boundary l a y e r  e q u a t i o n  

(Equat ion  2 4 ) .  Express ing  t h e  eddy v i s c o s i t y  d e r i v e d  f r o m  

5 
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Figure 18.  Effect of Reynolds '  number on t h e  v e l o c i t y  

p r o f i l e  a t  t h e  t o p  of t he  e l l i p s e  for  z,/b = .005. 
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t h e  mixing l e n g t h  concep t  as g iven  i n  Equat ion  15 i n  non- 

d imens iona l  t e r m s ,  

* 2 * 2  a:* 
a z *  E = R e K Z  - 

and s u b s t i t u t i n g  i n t o  Equat ion  2 4  r e s u l t s  i n  t h e  f o l l o w i n g  

e x p r e s s i o n  f o r  t h e  boundary l a y e r  e q u a t i o n :  

I t  can  be s e e n  from t h i s  e q u a t i o n  t h a t  t h e  e f f e c t  o f  t h e  

Reynolds '  number w i l l  be n e g l i g i b l e  through a m a j o r i t y  o f  

t h e  boundary l a y e r  i f  t h e  Reynolds '  number i s  l a r g e  as i s  

c h a r a c t e r i s t i c  o f  a tmosphe r i c  f lows .  

A l t h o u y t i  t t i e  o v e r a l l  e f f e c t  of t h e  Reynolds '  number 

i s  s m a l l ,  i t  I S  dlso e v i d e n t  from Equa t ion  35 t h a t  ve ry  n e a r  

t he  w a l l  w h e r e  the t u r b u l e n t  s h e a r  i s  d e c r e a s e d ,  t h e  

impor tance  o f  t h e  Reynolds '  number i s  i n c r e a s e d .  T h i s  is  

c l e a r l y  demons t r a t ed  i n  F i g u r e  19 by comparing t h e  changes 

i n  t h e  v e l o c i t y  p r o f i l e s  produced by t h e  Reynolds '  numbers 

cons ide red  above,  A v e l o c i t y  d i f f e r e n c e ,  u - u ' ,  is p l o t t e d  

as a f u n c t i o n  o f  h e i g h t  above t h e  s u r f a c e ,  where u i s  t h e  

wind v e l o c i t y  c a l c u l a t e d  w i t h  a n  i n i t i a l  f r i c t i o n  v e l o c i t y  

of  1 . 0 0  me te r s / second ,  arid u '  i s  t h e  wind v e l o c i t y  f o r  a 
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f r i c t i o n  velocity of 0 . 4 0  meters/second. The cor respcmding  

mean wind speed, U,n, f o r  t h e s e  t w o  cases 1s 1 2  m i l e s / h o u r  

and 30  m i l e s / h o u r ,  r e s p e c t i v e l y .  F i g u r e  19 conf i rms  t h a t  

t h e  predominant  rnf  luence  of t h e  change i n  Reynolds '  humber 

b rough t  a b o u t  by i n c r e a s i n g  t h e  i n i t i a l  f r i c t i o n  v e l o c i t y 8  

i s  c o n f i n e d  t o  a r e g i o n  n e a r  t h e  w a l l ,  w i t h  t h e  e f f ec t  b e i n g  

most s i g n i f i c a n t  a t  t h e  t o p  o f  t h e  e l l i p s e  where t h e  v e l o c i t y  

g r a d i e n t s  and s h e a r  stresses are l a r g e ,  The o t h e r  p r o f i l e  

i s  c a l c u l a t e d  a t  a p o s i t i o n  ups t ream n e a r  t h e  forward  

s e p a r a t i o n  r e g i o n  where t h e  adverse p r e s s u r e  f i e l d  c a u s e s  

t h e  v e l o c i t y  gradients  and stresses t o  be r e l a t i v e l y  smaller. 

The E f f e c t  o f  Roughness and E l l l p e  G e o m e t r y  _-- on S e q a r a t i o n  --- -- --- -------_I ----- 
The s e v e r e  a d v e r s e  p r e s s u r e  g r a d i e n t s  which e x i s t  up- 

stream from t h e  body c a u s e  s e p a r a t L o n  of t h e  boundary l a y e r  

n e a r  t h e  s t a g n a t i o n  r eq ion .  S i n c e  t h e  numer i ca l  s o l u t i o n ,  

as d i s c u s s e d  i n  Chap te r  IIT, g i v e s  a r easonab ly  a c c u r a t e  

p r e d i c t l o + ,  of the p o i n t  a t  which t h i s  s e p a r a t i o n  o c c u r s ,  a 

c h a r a c t e r i s t i c  l e n g t h  o f  t h e  forward  s e p a r a t i o n  bubb le  can  

be de te rmined .  This c d l c u l a t i o n  h a s  been c a r r i e d  out f g r  a 

number of e l l i p t i c a l  a s p e c t  r a t i o s  and s u r f a c e  roughnesses  

and i s  g iven  i n . F i g u r e  2 0 .  Examining t h e  e f f e c t  o f  rough- 

n e s s  on  t h e  l eng th ,  A ,  of the s e p a r a t i o n  r e g i o n ,  it is 

a p p a r e n t  t h a t  a decrease i n  z produces  s m a l l e r  s e p a r a t l o n  

r e g i o n s  t e n d i n g  to  approach  some, a s y m p t o t i c  v a l u e  f o r  a 

smooth s u r f a c e  T h i s  I S  e x p e c t e d  s i n c e  roughness  reduces  

t h e  v e l o c i t y  ncdr the s u r f a z e  d f ? z r e a s l n q  t h e  momentum 

a v a i l a b l e  t o  overcome t h e  a d v e r s e  p r e s s u r e  f o r c e s ,  

I 

0 
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t h a t  separation occurs further upstream f o r  the shorter,  

e 11 i p s e s .  I 

i 

! 

1 

u c n c e  of the obstruc- 

h a r a c t e c i s t r c s  #.,1 tkle f l ~ w ;  . 

LS has be 

1 

S t a r t i n g  far upstream the eddy .viscosity p r o f i l e ,  gi ! 

c u r v e  A,  is c a l c u l a  

the n e x t  p m f l l e ,  

p o s i t i o n  upstream of the forwdc-d stagnation p o i n t  of about 

t w i c e  the ellipse h t .  It. can be s e e n  in compa 

c u r v e  A ,  t ha t  the 3 s i t . y  h a s  d reasccl s 1 ightfy  

I 

1 

lower region of. the boundary layer bccomincj larger near the I 
I 

I 
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ou te r : e , i qe .  Curve C is c a l c u l a t e d  ove r  t h e  s t a g n a t i o n  p o i n t  

where . 2 irnp,::ad mean p r e s s u r e  g r a d i e n t  f i r s t  becomes f avor -  

a b l e .  T h i s  pi ; , f i le con t inues  t h e -  t r e n d  d i s c u s s e d  above w i t h  

t h e  v i s c o s i t y  r each ing  a maximum n e a r  t h e  o u t e r  edge.  The 

p r o f i l e  g iven  a t  poini  D, L S  calculated a t  a p o s i t i o n  down- 

s t r eam o f  the maximum favorable  p r e s s u r e  g r a d i e n t  and 

e x h i b i t s  a d r a s t i c  chancje from the  p a t t e r n  e s t a b l i s h e d  by 

t h e  f i rs t  t h r e e  cu rves ,  w i t h  t h e  eddy v a l u e s  i n c r e a s i n g  t o  

l o c a l  maximum v a l u e s  nea r  t h e  w a l l  and d e c r e a s i n g  r a p i d l y  t o  

minimum v a l u e s  i n  t h e  ou te i  boundary Layer. And, f i n a l l y ,  

t h e  l a s t  p r o f i l e ,  c a l c u l a t e ,  a t  t h e  top  o f  t h e  e l l i p se  

( p o i n t  E ) ,  w e l l  downstream f r o m  D ,  shows t h e  effect  of t h e  

very s m a l l  p r e - s u r e  g r a d i e n t  e x i s t i n g  ove r  a large p o r t i o n  

of t h e  c y l i n d e r .  The response  of t h e  eddy v i s c o s i t y  t o  t h e  

i n f l u e n c e  of  t h i s  n e g l i g i b l e  p r e s s u r e  f i e l d  1s s i m i l a r  t o  

t h a t  of  t h e  v e l o c i t y ,  t end ing  t o  r e t u r n  t o  t h e  f o r m  o f  t h e  

und i s tu rbed  f low upstream. T h i s  f a c t  i s  n o t  s u r p r i s i n g ,  

however, because  t h e  eddy v i s c o s i t y ,  c a l c u l a t e d  by t h e  

P r a n d t l  mixing l e n g t h  model, i s  d i r e c t l y  related t o  t h e  

ver t ica l  g r a d i e n t  of t h e  v e l o c i t y .  

The re fo re ,  t h e  r e s u l t s  g iven  i n  F i g u r e  2 1  can  be 

exp la ined  by examining t h e  e f f ec t  of t h e  p r e s s u r e  forces on  

t h e  v e l o c i t y .  S i n c e  adverse p r e s s u r e  decelerates t h e  f l o w  

reducing  the g r a d i e n t  i n  v e l o c i t y  n e a r  t he  w a l l  w h i l e  

i n c r e a s : n g  i t  i n  t h e  o u t e r  f l o w ,  t h e  t u r b u l e n t  shear w i l l  

show a s imi la r  e f f e c t  as i l l u s t r a t e d  i n  comparing c u r v e s  A ,  

B and C of F i g u r e  2 1 .  On t h e  o t l - r  hand,  t h e  f a v o i a b l e  
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p r e s s u r e  g r a d i e n t s  over the f r o n t  of the e l l i p s e  w i l l  have 

the o p p o s i t e  effect ,  as shown by cu rve  D w i t h  the l a r g e  

i6crease i n  eddy v i s c o s i t y  o c c u r r i n g  n e a r  the w a l l  decrease 

i n g  r a p i d l y  i n  t h e  o u t e r  boundary l a y e r .  

C a l c u l a t i o n  of F l o w  O v e r  a Fence w i t h  Comparison t o  D a t a  

I n  a d d i t i o n  t o  t h e  r e s u l t s  p r e v i o u s l y  d i s c u s s e d  f o r  

a tmosphe r i c  f l o w  over t h e  e l l i p t i c a l  c y l i n d e r s ,  several 

c a l c u l a t i o n s  have been carried o u t  f o r  f low over a f e n c e ,  or  

two-dimensional vertical f l a t  p l a t e  , which r e p r e s e n t s  the 

l i m i t i n g  case of the e l l i p t i c a l  c y l i n d e r  w i t h  z e r o  a s p e c t  

ra t io .  T h i s  p a r t i c u l a r  f l o w  s i t u a t i o n  has  a number of 

pract ical  a p p l i c a t i o n s  as a w i n d - s h e l t e r i n g  device and has , 
therefore, been t h e  subject of a number of e x p e r i m e n t a l  

s t u d i e s  ( 4 1 ,  (11) and ( 1 2 ) .  

Applying t h e  concep t s  developed w i t h i n  this s t u d y  t o  

f l o w  o v e r  t h e  f ence ,  approximat ions  of some r e p r e s e n t a t i v e  

data ( 1 2 )  can be made. R e s u l t s  of this c a l c u l a t i o n  are 

g i v e n  i n  F i g u r e  22 and are compared w i t h  measured velocit ies 

ups t ream and on t o p  of the fence .  A l l  c a l c u l a t i o n s  are 

carried o u t  o v e r  a smooth s u r f a c e  u s i n g  the Van D r i e s t -  

C l a u s e r  eddy v i s c o s i t y  model w i t h  p r e s s u r e  d i s t r i b u t i o n  and 

o u t e r  boundary c o n d i t i o n s  g iven  by t he  p o t e n t i a l  f l o w  v a l u e s  

a l o n g  the  first n o n s e p a r a t i n g  s t r e a m l i n e .  The p a r t i c u l a r  

p o t e n t i a l  s o l u t i o n  used i n  these c a l c u l a t i o n s  i s  o b t a i n e d  

f r o m  Reference  ( 2 3 )  assuming a symmetric flow o v e r  the 

f e n c e .  
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Examining t h e  t w o  p r o f i l e s  upstream of t h e  fence  i t  

appea r s  t h a t  t h e  numer ica l  s o l u t i o n  o v e r p r e d i c t s  t h e  

v e l o c i t y  n e a r  t h e  w a l l  w i t h  smaller p r e d i c t e d  v a l u e s  i n  t h e  

o u t e r  edge of t h e  flow. T h i s  is  probably  due  t o  t h e  l a r g e  

p r e s s u r e  g r a d i e n t  p h y s i c a l l y  e x i s t i n g  i n  t h e  ver t ica l  

d i r e c t i o n  which d e c e l e r a t e s  t h e  f low n e a r  t h e  s u r f a c e  t o  a 

much g r e a t e r  e x t e n t  t h a n  t h e  assumed mean p r e s s u r e  g r a d i e n t  

a long  t h e  n o n s e p a r a t i n g  s t r e a m l i n e .  The c a l c u l a t e d  p r o f i l e  

a t  t h e  t o p  of t h e  f ence ,  wh i l e  e x h i b i t i n g  a s i m i l a r  form t o  

t h e  measured p r o f i l e ,  p r e d i c t s  much larger v e l o c i t i e s  i n  t h e  

boundary l a y e r .  T h i s  effect  is due t o  t h e  o u t e r  boundary 

c o n d i t i o n s  o b t a i n e d  f r o m  p o t e n t i a l  t h e o r y  which do n o t  t a k e  

i n t o  accoun t  t h e  v e r y  l a r g e  s e p a r a t i o n  r e g i o n s  b o t h  ups t ream 

and downstream of t h e  p l a t e .  Because o f  t h e  l a r g e  d e c e l e r a -  

t i o n s  produced by t h e s e  r e g i o n s ,  a p o t e n t i a l  s o l u t i o n  which 

i n c l u d e s  t h e s e  effects  would be a bet ter  approximat ion  of 

t h e  a c t u a l  f low c o n d i t i o n s ,  and more a c c u r a t e l y  p r e d i c t  t h e  

magnitude of  t h e  v e l o c i t y  . 
Both of t h e  above e f f e c t s  produced by t h e  l a r g e  

s e p a r a t i o n  r e g i o n s  which e x i s t  i n  a major p a r t  of t h e  f low 

f i e l d  su r round ing  t h e  f ence ,  can be t aken  i n t o  accoun t  t o  

s o m e  e x t e n t  by t h e  methods in t roduced  i n  Chapter  11. S i n c e  

t h e  p r e s s u r e  g r a d i e n t  imposed on t h e  boundary . l a y e r  by 

r e v e r s e d  f low r e g i o n s  is much l a r g e r  fo r  t h e  c:ase of t h e  

f e n c e  t h a n  f o r  t h e  e l l i p t i c a l  c y l i n d e r ,  t h e  former flow 

s i t u a t i o n  p r o v i d e s  a severe t e s t  f o r  t h e  methods proposed i n  

t h i s  i n v e s t i g a t i o n .  However, w i t h  improved approximat ions  
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I of t h e  pressure f i e l d  and boundary con( , i o n s ,  i t  is  

believed t h a t  t h e  boundary l a y e r  approach can  make reason-  

a b l e  p r e d i c t i o n s  of the f l o w  field over t h e  f ence .  
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CHAPTER V 

DISCUSSION OF RESULTS FOR AN IMPROVED BOUNDARY 

LAYER ANALYSIS OF FLOW OVER 

ELLIPTICAL OBSTRUCTIONS 

A n a l y s i s  of Enlarqed  F l o w  F i e l d s  

The c o n s i d e r a t i o n  of  flow fields i n  a l a r g e r  r e g i o n  

above the e l l i p t i c a l  o b s t r u c t i o n  t h a n  t h a t  d i s c u s s e d  i n  t h e  

p r e c e d i n g  c h a p t e r  r e q u i r e s  approximat ions  o f  t h e  o u t e r  

boundary c o n d i t i o n  on the mean wind and t h e  p r e s s u r e  d i s -  

t r i b u t i o n  over  t h e  obstacle which are m o r e  c h a r a c t e r i s t i c  

of a tmosphe r i c  flow i n  t h i s  e n l a r g e d  r e g i o n  t h a n  c o n d i t i o n s  

p r e s c r i b e d  a long  the nonsepa ra t ing  s t r e a m l i n e .  

i n  Chapter  11, t h e  o u t e r  boundary c o n d i t i o n  which i s  a 

real is t ic  approximat ion  of t h e  f low f a r  f r o m  t h e  s u r f a c e  i s  

As d i s c u s s e d  

g i v e n  by an a s y m p t o t i c  matching of  the v e l o c i t y  w i t h i n  t h e  

bdundary l a y e r  t o  the  l o g a r i t h m i c  v e l o c i t y  associated w i t h  

t h e  u n d i s t u r b e d  flow. 

c o n d i t i o n  it w a s  a l s o  p o i n t e d  o u t  that  t h e  p r e s s u r e  g r a d i e n t s  

a s s o c i a t e d  w i t h  t h e  o b s t r u c t i o n  must decay t o  z e r o  from t h e  

v a l u e  g i v e n  a long  the nonsepa ra t ing  s t r e a m l i n e .  The re fo re ,  

I n  con junc t ion  w i t h  t h i s  boundary 

t h e  i n i t i a l  approximation of t h e  p r e s s u r e  f i e l d  e x i s t i n g  

w i t h i n  t h e  r e g i o n  of  i n f l u e n c e  of t h e  e l l i p t i c a l  c y l i n d e r ,  

i s  g i v e n  by t h e  f o l l o w i n g  second o r d e r  q u a d r a t i c  decay 

f u n c t i o n :  
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1 Z < . 5 0  

.50  2 
2 [9 b 

= [%] q(2) 
ns 

is the pressure gradient determined along 

q ( z )  = 

where [w] 
ns 

the nonseparating streamline over the obstruction. 

Preliminary calculations of the flow field in an 

enlarged region over the elliptical cylinder, using the 

above pressure distribution and logarithmic outer boundary 

condition, have been carried out for flow over the 2/1 and 
i 

4/1 aspect ratio ellipses with different roughnesses. The 

results of these calculations for the 2/1 ellipse are given 

in Figures 23 and 24 showing the development of the boundary 

layer from a position upstream of 10 times the ellipse 

height to the top of the cylinder. This initial location is 

chosen in order to reduce the computing time required for 

these preliminary calculations. The logarithmic boundary 

condition is applied at a constant height above the surface 

of five times the ellipse height, with the solutions non- 

dimensionalized by the logarithmic velocity defined for 

convenience at a position of three times the ellipse height. 

One observes from the curves that the flow is initially 

decelerated from the starting profile at x/b = -10.0 through 

the range of approximately x/b = - 3 . 0  and then is accelerated 

to the top of the ellipse, x/b = 0 0 .  Similar results are 
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Figure 23. Development of the boundary layer  over a 2 / 1  
e l l i p s e  with  var iab le  pressure gradient  i n  t h e  v e r t i c a l  
d i r e c t i o n  and logarithmic outer  boundary condi t ion  for 
zo/b = . 0 0 5 .  
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Figure  2 4 .  Development of t h e  boundary layer over a 2 / 1  
e l l i p s e  w i t h  v a r i a b l e  p r e s s u r e  g r a d i e n t  i n  t h e  v e r t i c a l  
d i r e c t i o n  and l o g a r i t h m i c  o u t e r  boundary c o n d i t i o n  
f o r  z,/b = .020 .  
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shown i n  F i g u r e s  25 and 26 f o r  t he  4 / 1  e l l i p s e .  

Comparing t h e s e  r e s u l t s  wi th  t h e  v e l o c i t y  p r o f i l e s  

p r e s e n t e d  i n  t h e  p rev ious  c h a p t e r ,  t h e  m o s t  s i g n i f i c a n t  

. e f f e c t  of t h e  ve r t i ca l  var ia t ion  of t h e  p r e s s u r e  g r a d i e n t  i s  

t h e  pronounced maximum i n  t h e  wind v e l o c i t y  produced l o c a l l y  

n e a r  t h e  s u r f a c e  f o r  t h e  c a l c u l a t i o n s  made over t h e  t o p  of 

t h e  e l l i p s e .  T h i s  r e s u l t  i s  due t o  a combinat ion of t h e  

l a r g e  a c c e l e r a t i o n s  c r e a t e d  by t h e  f a v o r a b l e  p r e s s u r e  

g r a d i e n t s  w h i c h  e x i s t  i n  t h i s  r e g i o n  of the f l o w  f i e l d ,  

t h e  i n f  l u e n c e  of t h e  decaying p r e s s u r e  f u n c t i o n  imposed 

these g r a d i e n t s  wh ich  d e c r e a s e s  t h e  a c c e l e r a t i o n ,  a l l o w  

t h e  f low t o  r e t u r n  to  t h e  l o g a r i t h m i c  v e l o c i t y  a t  l a r g e  

h e i g h t s  above t h e  s u r f a c e .  

and 

on 

ny 

The a c c e l e r a t i o n  of  t h e  boundary l a y e r  occu r s  from a 

p o s i t i o n  x/b = -3.0 t o  t h e  t o p  of  t h e  e l l i p s e  where t h e  

maximum wind v e l o c i t i e s  a r e  a t t a i n e d  a t  a n  e l e v a t i o n  of 

abou t  0 . 3  t i m e s  t h e  e l l i p s e  h e i g h t .  I n  masnitude the wind 

i s  a c c e l e r a t e d  t o  about  t w i c e  its i n i t i a l  v a l u e .  T h i s  c o m -  

p a r e s  t o  c a l c u l a t i o n s  d i s c u s s e d  i n  the prev ious  c h a p t e r  i n  

w h i c h  t h e  maximum v e l o c i t y  a t  t h e  t o p  of t h e  2 / 1  e l l i p s e  w a s  

on ly  35 p e r  c e n t  g r e a t e r  t h a n  t h e  i n i t i a l  wind speed .  

H o w e v e r ,  r e tu rn ing  t o  t h e  s o l u t i o n s  g iven  i n  F i g u r e s  

23 t h rough  26, consider t h e  f l o w  f a r  upstream. S ince  t h e  

p r e s s u r e  d i s t u r b a n c e s  c r e a t e d  by t h e  o b s t r u c t i o n  are s m a l l ,  

t h e  e f f e c t  o f  t h e  v e r t i c a l  decay of t h e  p r e s s u r e  g r a d i e n t  is  

n e g l i g i b l e ,  w i th  t h e  f o r m  of  t h e  v e l o c i t y  p r o f i l e s  d e c r e a s i n g  

o n l y  s l i g h t l y  f r o m  t h e  i n i t i a l  l o g a r i t h m i c  dis ; r i b u t i o n .  

89 



2 . 0  

1 . o  

.5  

.os  

.02 

b'igure 25. Development of the boundary layer over  a 4/1 
ellipse w i t h  variable pressure gradient in the vertical 
direction and logarithmic outer boundary condition for 
zo/h = . 0 0 5 .  
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IJroccmlj  r q  ( I ~ w n s t r c a r o ,  ttlc a d v e r s e  p r e s s u r e  i n c r e a s e s ,  

r each ing  a maximum a t  approximate ly  x/b = -3 .0 ,  where t h e  

d e c e l e r a t i o n  of t h e  f low n e a r  t h e  s u r f a c e  causes t h e  

i 

v e l o c i t y  t o  s i g n i f i c a n t l y  deviate  f r o m  t h e  l o g a r i t h m i c  

d i s t r i b u t i o n  e x t e n d i n g  t h e  i n f l u e n c e  o f  t h e  body t o  v e r y  

large h e i g h t s .  

The r e s u l t s  g i v e n  i n  F i g u r e s  2 3  and 2 4 ,  pages  87 and 

88, and F i g u r e s  2 5  and 26  are,  i n  g e n e r a l ,  c a n s i s t e n t  w i t h  

t h e  wind p r o f i l e s  g i v e n  i n  q u a l i t a t i v e  d i s c u s s i o n s  of f l o w  

o v e r  s u r f a c e  o b s t r u c t i o n s  ( 2 )  and ( 4 )  and w i t h  some e x p e r i -  

menta l  measurements o f  boundary l a y e r s  over f e n c e s  (11) and 

(12), i n  t h a t  t h e  v e l o c i t y  n e a r  t h e  o b s t r u c t i o n  exceeds  t h a t  

o f  t h e  u n d i s t u r b e d  f low.  Moreover, t h i s  r e s u l t  is p r e d i c t -  

a b l e  f r o m  t h e  s t a n d p o i n t  o f  t h e  c o n s e r v a t i o n  o f  m a s s ,  which 

r e q u i r e s  t h a t  t h e  a c c e l e r a t i o n  o f  t h e  f l o w  a t  t h e  t o p  of 

t h e  body be a maximum close t o  t h e  s u r f a c e  where t h e  stream- 

l i n e s  are t h e  m o s t  s e v e r e l y  compressed. 

T h e r e f o r e ,  based  on  t h e  above c o n s i d e r a t i o n s  and 

i n t u i t i v e  r e a s o n i n g  a b o u t  t h e  d i s t r i b u t i o n  of t h e  p r e s s u r e  

d i s t u r b a n c e s  above t h e  body, i t  is b e l i e v e d  t h a t  t h e  method 

used  i n  o b t a i n i n y  the r e s u l t s  g i v e n  i n  t h i s  s e c t i o n  i s  a 

j u s t i f i a b l e  approach i n  approx ima t ing  t h e  f low f i e l d s  over 

s u r f a c e  o b s t r u c t i o n s .  However, a d d i t i o n a l  e x p e r i m e n t a l  work 

i s  needed t o  f u r t h e r  v e r i f y  t h i s  c o n c e p t  and t o  more 

a c c u r a t e l y  de t e rmine  t h e  v a r l a t i o i i  of t h e  p r e s s u r e  f i e l d  i n  

t h e  v e r t i c a l  d i r e c t i o n .  
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Boundary Layer  E f f e c t s  Produced by S e p a r a t i o n  Regions 

'I'he improvements made i n  t h e  boundary l a y e r  a n a l y s i s  

by s imula t ing  t h e  effects of t h e  separation regions w i t h  

s t a t i o n a r y ,  inv isc id  vortices, discussed i n  Chap te r  11, have  

been p r e l i m i n a r i l y  i n v e s t i g a t e d .  The calculat ions,  given i n  

F i g u r e s  27 and 28, have  been carried o u t  for f l o w  over t h e  

2 / 1  e l l i p s e  for s e v e r a l  surface roughnesses  w i t h  t h e s e  

r e s u l t s  compared t o  t h e  s o l u t i o n s  g i v e n  i n  t h e  p r e c e d i n g  

c h a p t e r  for f l o w  o v e r  t h e  same body w i t h o u t  a t t a c h e d  

vortices.  

The e f f e c t s  of t h e  s i m u l a t e d  s e p a r a t i o n  r e g i o n  on t h e  

development  of t h e  boundary ove r  t h e  e l l i p s e  is i l l u s t r a t e a  

i n  F i g u r e  2 4 ,  page 88,  by comparing t h e  v e l o c i t y  p r o f i l e s  

calculated a t  d i f f e r e n t  x - s t a t i o n s  a l o n g  t h e  s u r f a c e .  The 

i n f l u e n c e  of t h e  v o r t i c e s  on t h e  v e l o c i t y  is t o  i n c r e a s e  t h e  

t h i c k n e s s  of the shear l a y e r  by d e c e l e r a t i n g  t h e  f l o w  i n  the 

boundary l a y e r  bo th  upstream and downs t r eam of the fcjrwdrd 

s e p a r a t i o n  r c c j i o n .  b'or t h e  cd l cu la t  Lon carried o u t  o v e r  t h e  

v o r t e x ,  t h i s  same e f fec t  occurs i n  tlle upper p o r t i o n  of t h e  

p r o f i l e ,  b u t  n e a r  t h e  v o r t e x ,  t h e  a d d i t i o n a l  momentum 

imparted to t h e  flow by the s l i p  v e l o c i t y ,  us, a l o n g  t h e  

d i v i d i n g  s t r e a m l i n e  Increases t h e  ve Locities in t h e  l o w e r  

boundary l a y e r ,  I t  is  useful i n  examining t h e  e f f e c t  of t h e  

separation r e g i o n s  o n  tlw f l o w  t o  consider  t h e  p o t e n t i a l  

velocity f i c l d  ~ v e r  t h c .  c l L i p t i c a L  c y l i n d e r  g iven  i n  Yiqure 

7 ,  paqc: 3 7 .  C c m p a r i n c !  t h r .  d i s t r ~ b u t : ~ n  a l r ~ n y  t l i c .  non- 

sepa ra t inc r  ~ L r r ( ~ c i m L i r l e s  f ,--- -- 0 .601  for  the cases g i v e n  w i t h  w 
?, < L  
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Figure 28. E f f e c t  of vortices on v e l o c i t y  p r o f i l e  a t  top  of 
2/1 e l l i p s e  w i t h  d i f f e r e n t  roughnesses. 
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and wi t t iou t  the effect-s of t h e  p o t e n t l a 1  vort.lces, it can  be 

observed I t i a t  bot11 upst  rca111 o f  the f o r w d r d  separation reyion 

a n d  a t  t l i c  I 0p uf  t h e  el  Lipse,  the v o r t e x  d e c r e a s e s  t h e  

p o t e n t i a l  v e l o c i t y .  T h i s  e f fec t  c a n  be i n t e r p r e t e d  through 

= t h e  B e r n o u l l i  e q u a t i o n  as an  i n c r e a s e  i n  t h e  p r e s s u r e  g r a -  

d i e n t  i n  t h e s e  t w o  r e g i o n s  of t h e  f l o w .  S i n c e  t h e  p r e s s u r e  

f i e l d s  a t  t h e s e  t w o  p o s i t i o n s  are a d v e r s e ,  t h i s  f ac t  leads 

t o  t h e  c o n c l u s i o n  t h a t  t h e  v e l o c i t y  i n  t h e  boundary l a y e r  

w i l l  b e  less f o r  c a l c u l a t i o n s  which i n c l u d e  t h e  i n f l u e n c e  o f  

t h e  s e p a r a t i o n  r e g i o n s .  However, t h e  v e l o c i t y  i s  a f f e c t e d  

t o  a g r e a t e r  e x t e n t  ups t ream where t h e  d i f f e r e n c e  i n  t h e  two 

p o t e n t i a l  s o l u t i o n s  is  g r e a t e r  t h a n  a t  t h e  top of t h e  

e l l i p s e .  

T h i s  e f f e c t  i s  f u r t h e r  i l l u s t r a t e d  i n  F i g u r e  28  fo r  

c a l c u l a t i o n s  made a t  t h e  t o p  o f  t h e  o b s t r u c t i o n ,  f o r  d i f f e r -  

e n t  s u r f a c e  roughnesses ,  where t h e  maximum d e c r e a s e  i n  

v e l o c i t y  b rough t  abou t  by’ i n c l u d i n g  t h e  v o r t i c e s  i n  t h e  

p o t e n t i a l  s o l u t i o n ,  is  on ly  a b o u t  t w o  p e r  c e n t .  An, addi-  

t i o n a l  o b s e r v a t i o n  from t h i s  f i g u r e  i s  t h a t  t h e  s e p a r a t i o n  

r e g i o n s  appea r  t o  have no e f f e c t  on t h e  d i f f e r e n c e  i n  

v e l o c i t y  b rough t  a b o u t  by changes i n  roughness ,  t h a t  i s ,  t h e  

i n c r e a s e  i n  v e l o c i t y  produced by t h e  change roughness  from 

zo = .OLO t o  .005  meters i s  ve ry  n e a r l y  t h e  s a m e  as t h e  

s o l u t i o n  o b t a i n e d  w i t h  t h e  a d d i t i o n  of t h e  v o r t i c e s .  

F rom t h e  above c o n s i d e r a t i o n s  i t  can  be concluded  

t h a t  t h l 5  method o f  s i m u l a t i n g  t h e  a d d i t i o n a l  e f f e c t s  of t h e  

s e p a r a t i o n  r e g i o n s  w i t h  t h e  i n v i s c i d  v o r t i c e s  a t t a c k s  t h e  
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most difficult area of the flow field to predict by boundary 

layer analysis and suggests that the effects of these regions 

on the overall flow field are small. In addition, steps 

have been taken to obtain a more realistic physical inter- 

pretation of the solutions over the separation bubble by 

including the slip velocity as-a lower boundary condition on 

the equations. 

It is believed that this initial attempt at incorpo- 

rating the effect of the separated flow into the boundary 

layer approach will improve the approximation of the flow 

field near the separation regions, but preliminary investi- 

gation of this method indicates that further calculations 

and experimental work are needed to improve the assumptions 

made. 
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CHAPTER V I  

DISCUSSION OF RESULTS RELATIVE TO 

AERONAUTICAL APPLICATION 

Winds and t u r b u l e n c e  are s i g n i f i c a n t  f a c t o r s  i n f l u -  

enc ing  t h e  s a f e t y ,  q u a l i t y ,  and e f f i c i e n c y  of a i r  t r a n s p o r -  

t a t i o n .  Loads due t o  extreme t u r b u l e n c e  or unexpected g u s t s  

of wind can exceed t h e  s t a t i c  s t r e n g t h  of t h e  a i r c ra f t  or  

upse t  t h e  hand l ing  q u a l i t i e s  t o  t h e  p o i n t  where c o n t r o l  i s  

l o s t  and , a c c i d e n t s  occur .  The effects of moderate t u r b u l e n c e  

a l though g e n e r a l l y  n o t  as c a t a s t r o p h i c ,  can degrade  t h e  

prec isLon of f l i g h t  and t ax  t h e  f a t i g u e  s t r e n g t h  of t h e  

s t r u c t u r e .  

Donely (31) r e p o r t s  t h a t  approximate ly  80 p e r  c e n t  of 

rough a i r  e x p e r i e n c e  o c c u r s  a t  a l t i t u d e s  below 2 5 , 0 0 0  f t .  

and i s  consequent ly  p r e v a l e n t  t o  shor t  h a u l  or f e e d e r  l i n e  

a i rc raf t  and t o  l o n g  h a u l  a i r c r a f t  d u r i n g  climb and d e s c e n t .  

I n  t h e  t e r m i n a l  areas where p r e c i s i o n  f l i g h t  is  m o s t  c r i t i c a l  

the  a i r  motion is  f r e q u e n t l y  m o r e  severe due t o  wind d i s -  

turbances from b u i l d i n g s  and t o p o l o g i c a l  s u r f a c e  f e a t u r e s .  

The wind g r a d i e n t  or s h e a r  c a n  either add or  a b s o r b  

energy from an  ascending  or descending  a i rc raf t .  S i n c e  t h e  

a i rcraf t  is e s s e n t i a l l y  a c o n s t a n t  speed  machine,  a g r a d i e n t  

wind can t h u s  i n c r e a s e  or  decrease t h e  ra te  of  d e s c e n t  and 

t h e  a n g l e  o f  d e s c e n t  as w e l l  as t h e  margin f o r  t h e  s t a l l  

s a f e t y .  These problems t e n d  t o  i n c r e a s e  as  t h e  l a n d i n g  
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speed d e c r e a s e s ,  and f o r  V/STOL v e h i c l e s ,  t h e  a n g u l a r  v a r i a -  

t i o n  w i t h  a l t i t u d e  can be a s i g n i f i c a n t  factor i n  compli- 

c a t i n g  the p i l o t ' s  t a s k  of c o n t r o l l i n g  the aircraft .  

Automatic l and ing  s y s t e m s  are also s u s c e p t a b l e  t o  t h e  

e f f e c t s  of turbulence .  McManus (32) r e p o r t s  on e a r l y  

exper ience  wi th  t h e  T r i d e n t  au tomat ic  l a n d i n g  system: "When 

t h e  T r i d e n t  w a s  f i rs t  landed a u t o m a t i c a l l y  i n  moderate 

tu rbu lence ,  s e v e r a l  i n s t a n c e s  of poor performance o c c u r r e d .  

These w e r e  caused by s i g n i f i c a n t  s i n g l e  h o r i z o n t a l  g u s t s . "  

"These g u s t s  w e r e  n o t  p r e d i c t e d  by t h e  g e n e r a l  t u r b u l e n c e  

models a s  they w e r e  s p e c i a l  t o  the  site." I n  one case, a 

moderate crosswind w a s  blowing over  a f a c t o r y  i n t o  t h e  under- 

shoot area. C l o s e  i n s p e c t i o n  showed a long hanger  w i t h  a 

double  apex roof a t  approximately 45 degrees  t o  the wind, 

d i r e c t l y  i n  l i n e  w i t h  t h e  undershoot  area. Th i s  g e n e r a t e s  a 

s t a b l e  wind p a t t e r n  which a s i n g l e  s t a t i o n a r y  measuring 

s t a t i o n  would n o t  record as high t u r b u l e n c e ,  b u t  an a i rcraf t  

pass ing  through t h e  p a t t e r n  would be s u b j e c t  t o  l a r g e  a i r -  

speed v a r i a t i o n s .  

The problems of an a i r c r a f t  f l y i n g  through a head 

wind t h a t  v a r i e s  w i t h  e l e v a t i o n  has been i n v e s t i g a t e d  i n  a 

paper  by Etk in  ( 3 3 ) .  The equa t ions  of motion were se t  up 

and so lved  f o r  a f l i g h t  a t  c o n s t a n t  a i r  speed. The effect  

of t h i s  wind g r a d i e n t  on t h e  f l i g h t  p a t h  d u r i n g ' d e s c e n t  and 

climb is  shown. It is seen  t h a t  t h e  d e v i a t i o n  f r o m  the  case 

w i t h  no wind g r a d i e n t  i s  q u i t e  c o n s i d e r a b l e .  

I n  t h e  c a s e  of descending f r o m  a g iven  h e i g h t  i n t o  a 
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p o s i t i v e  wind g r a d i e n t  ( i n c r e a s i n g  wind w i t h  h e i g h t ) ,  an 

a i r p l a n e  o v e r s h o o t s  t h e  i n i t i a l  t a n g e n t  by a d i s t a n c e  s, as 

shown i n  F i g u r e  29.  For a l i n e a r  wind v a r i a t i o n ,  t h i s  d i s -  

t a n c e  is g iven  as: 

2 s = - -  aw v t s i n  4 
2 az A 

where 

- -  aw - head wind g r a d i e n t  
az 

= A i r p l a n e  A i r  Speed 

t = tiime 

4 = p a t h  a n g l e  

The problem of  t h e  c l imb ing  a i r c r a f t  d i f f e r s  from t h e  

g l ide  i n  t h a t  t h e  a n g l e  4 is n e g a t i v e  and t h a t  t h e r e  i s  an 

a d d i t i o n a l  f o r c e ,  t h e  t h r u s t .  The p a t h  i s  a p a r a b o l i c  as 

b e f o r e ,  t h e  convex i ty  i n  t h e  same s e n s e ,  so t h a t  t h e  hori-  

z o n t a l  d i s t a n c e  t o  r e a c h  a g i v e n  h e i g h t  is c o n c e n t r a t e d  as 

compared w i t h  t h e  case of z e r o  wind g r a d i e n t ;  see F i g u r e  2 9 .  

The e f f e c t  of a ' nega t ive  wind g r a d i e n t  ( d e c r e a s i n g  wind w i t h  

h e i g h t )  on g l i d e  and climb i s  shown i n  F i g u r e  2 9 .  
. .  

Another effect  arises, when t h e  wind g r a d i e n t  i s  n o t  

coming d i r e c t l y  from ahead,  b u t  is blowing a t  a c e r t a i n  

ang le  t o  t h e  f l i g h t  d i r e c t i o n .  I t  i s  shown i n  F i g u r e  30 

t h a t  a cross wind induces  a l ift a d d i t i o n  on one side and a 

l i f t  s u b t r a c t i o n  on t h e  other s ide .o f  t h e  wing, t h u s  pro- 

ducing a roll-moment. AS w ( ~ )  or  w s i n  f3 i s  a f u n c t i o n  of 
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Figure 30. Roll moment induced by cross wind. 
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elevation, the roll-moment will also vary with height 

according to w(z), For strong gradients of w(x), corre- 

spondirigly strong gradients in the roll-moment must be 

expected. 

An approximate quantitative estimate of the influence 

9f gusts occurring due to the presence of buildings is 

c.-,ssible from the results of this study shown in Figures 23 

through 26, pages 87 ,  88, 90 ,  and 91. These figures show 

relatively large wind acceleration or gusts near the top of 

semi-elliptical surface protrusions. 

typical example, the following analysis for a 2:l ellipse 

with the velocity profile shown in Figure 23 provides a 

quantitative feel for these effects. 

Taking the lift as a 

Lift is given by the expression: 

pal V211 
2 L = CL 

The ratio of the lift in the disturbance of the building, 

LB, to that in thematural wind, LN, ali other parameters 

being constant, is: 

2 v + VA LB 5 = [.: + v.] 

A plot of the ratio LB/LN versus elevation at the x/b = 0 

station for the 2:l ellipse with zo/b = 0.005 assuming 

= 1.0 is shown in Figure 31. The plot indicates vA/u(z=3) 
that an aircraft flying into the wind over a long building 
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or surface obstruction of semi-elliptical configuration 

would experience an increase in lift exceeding 20 per cent of 

the value for wind over uniform terrain if passinq below a 

distance equal to the obstruction height z/b = 1.0, (i.e., 

4 0  feet above the ground for a 20 foot obstruction). 

Figure 32 shows the variation in lift ratio LB/LE 

with longitudinal position from the top of the ellipse to a 

dimensionless distance x/b = -10 upstream of the approaching 

wind where the wind is logarithmic. Parametric variation 

with z/b is given in the curve. 

An aircraft passing over the obstruction at a fixed 

height of z/b = 1.0 would experience an initial increase in 

lift of 20 per cent which would diminish and change to a 10 

per cent decrease at x/b = -3.0. Thus, a simple 15 foot 

high quansit hut located on the order of 600 feet from the 

end of a landing strip can generate a 30 per cent variation 

in lift in a distance less than 150 feet. The pilot's 

correction time at 5 0  mph landing speed is on the order of 

two seconds illustrating the hazards of unexpected wind pro- 

files due to surface projection. 

It is apparent from the previous discussion that a 

model for predicting wind velocity profiles about surface 

obstructions is important to the design of airplane control 

systems and to the design of airports themselves. The wind 

model presented in this report is a step in that directiw 

since it provides transportation designers with insight to: 

1. Determining the safest distance for structures 
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from landing strips, at least, from the windward side. This 

is of particular significance to V/STOL ports in urban areas. 

2. Analyzing existing airports to warn of possible 

unexpected wind patterns and to define optimum locations of 

measuring stations to detect these wind patterns. 

3 .  Improving mathematical gust models employed in 

automatic landing systems. Present gust model generally 

assumed a power law variation of the mean wind, for example 

Skelton ( 3 4 )  uses: 

A mathematical description for the flow patterns induced by 

surface obstruction is required to make these gust models 

more reliable. 

The use of the present boundary layer analysis of 

wind profiles is of course limited to a two-dimensional 

elliptical geometry and subject to the assumptions regarding 

eddy viscosity and pressure gradient decay. Moreover, the 

numerical nature of the solutions make them difficult to 

incorporate into mathematical gust models and into computa- 

tion of airplane characteristics. 

In view of the promising applications the. flow 

analysis over obstructions has, however, it is believed that 

additional effort to expand and improve the model is 

definitely desirable. The model should be: 

1. Extended to other geometries, 

2. Investigated using other eddy viscosity 
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correlations, for example, conservation of turbulence 

kinetic energy, 

3 .  Employed with other hypothesis regarding the 

pressure gradient surrounding the surface obstruction, and 

Compared to wind profile data from a simple 4 .  

experiment over an elliptical configuration. 

108 



CHAPTER V I 1  

CONCLUSIONS AND SUMMARY 

The boundary l a y e r  approach p r e s e n t e d  i n  this i n v e s t i -  

g a t i o n  p r o v i d e s  a r e a s o n a b l e  f irst  order approximat ion  of 

t h e  a tmosphe r i c  f l o w  f i e l d  which e x i s t s  around b u i l d i n g s  and 

other s u r f a c e  o b s t r u c t i o n s .  This  method h a s  been a p p l i e d  t o  

flow over e l l i p t i c a l  c y l i n d e r s ,  and, d e s p i t e  the l a c k  of 

e x p e r i m e n t a l  data i n  t h i s  area, c e r t a i n  conc lus ions  can be 

drawn a b o u t  t h e  r e l a t i o n s h i p  of t h e  pa rame te r s  i nvo lved  i n  

this problem. 

1. 

2. 

3 .  

An i n c r e a s e  i n  t h e  e l l i p t i c a l  a s p e c t  r a t io  

decreases t h e  wind speed w i t h i n  the boundary 

l a y e r  a t  the top of t h e  e l l i p s e  and r e t u r n s  it t o  

t h e  logarithmic d i s t r i b u t i o n  characteristic of 

u n d i s t u r b e d  flew. 

I n c r e a s e s  i n  s u r f a c e  roughness  affect  t h e  f l o w  by 

d e c r e a s i n g  the v e l o c i t y  i n  t h e  boundary l a y e r ,  

w i t h  t h e  m o s t  pronounced effect  o c c u r r i n g  n e a r  

t h e  s u r f a c e  of t h e  smaller aspect r a t i o  e l l ipse.  

The i n i t i a l  f r i c t i o n  v e l o c i t y  which e n t e r s  t h e  

boundary l a y e r  e q u a t i o n s  through t h e  Reynolds '  

number has a n e g l i g i b l e  effect  on t h e  overal l  

f low fo r  t h e  range  of Reynolds '  numbers cons ide red  

i n  t h i s  s tudy .  
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4 .  A decrease i n  t h e  e l l i p t i c a l  a s p e c t  r a t i o  and an 

i n c r e a s e  i n  t h e  s u r f a c e  roughness  cause  l a r g e r  

s e p a r a t i o n  r e g i o n s .  

5 .  The decay of t h e  streamwise p r e s s u r e  g r a d i e n t  i n  

t h e  v e r t i c a l  d i r e c t i o n  produces  local ized maxi- 

mums i n  wind speed  a t  t h e  t o p  of  a s u r f a c e  

o b s t r u c t i o n ,  which are e x p e c t e d  i n  p h y s i c a l l y  

r ea l  f low s i t u a t i o n s .  

6 .  The p r e l i m i n a r y  i n v e s t i g a t i o n  of  t h e  s i m u l a t i o n  

of s e p a r a t i o n  r e g i o n s  w i t h  i n v i s c i d  v o r t i c e s  

i n d i c a t e s  t h a t  t h i s  method a p p e a r s  t o  have o n l y  a 

s m a l l  e f f e c t  on t h e  ove ra l l  f l o w  b u t  does improve 

t h e  approximat ion  o f  t h e  f low f i e l d  n e a r  t h e  

s t a g n a t i o n  r e g i o n s .  

I n  summary, t h e  method developed  i n  t h i s  s t u d y  

u t i l i z e s  t h e  s i m p l i f y i n g  assumpt ions  of  boundary l a y e r  

t heo ry  i n  an e f f o r t  t o  a n a l y z e  t h e  complex f l o w  f i e l d  which 

e x i s t s  i n  a tmosphe r i c  mot ions  o v e r  s u r f a c e  o b s t r u c t i o n s .  I t  

has  been shown t h a t  r e a s o n a b l e  approx ima t ions  of t h e  p h y s i -  

cal  c o n d i t i o n s  which e x i s t  i n  t h e  a tmosphe r i c  f low n e a r  t h e  

ground can  be made w i t h o u t  s a c r i f i c i n g  t h e  s i m p l i c i t y  and 

s a v i n g s  i n  t i m e  and money r ea l i zed  w i t h  a boundary l a y e r  

s o l u t i o n  as opposed t o  a s o l u t i o n  of t h e  comple te  e q u a t i o n s  

of motion. F i n a l l y ,  it i s  be l ieved  t h a t ,  w i t h  a d d i t i o n a l  

e x p e r i m e n t a l  and a n a l y t i c a l  work t o  v e r i f y  some of t h e  

proposed a s sumpt ions ,  f l o w  f i e l d s  o v e r  s u r f a c e  o b s t r u c t i o n s  

can be p r e d i c t e d  w i t h  s u f f i c i e n t  accu racy  t o  make t h e  
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boundary l a y e r  approach a valuable tool i n  the a n a l y s i s  of 

atmospheric shear  flows. 

Ill 
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APPENDIX A 

UNIFORM POTENTIAL FLOW PAST AN 

ELLIPTICAL CYLINDER 

The p o t e n t i a l  f l o w  f i e l d  around a two-dimensional  

e l l i p t i c a l  - c y l i n d e r  can be o b t a i n e d  from t h e  t h e o r y  of 

complex v a r i a b l e s .  Cons ide r  a uni form,  i r r o t a t i o n a l  f l o w  of 

a n  i n c o m p r e s s i b l e ,  i n v i s c i d  f l u i d  i n  t h e  complex Z p l a n e  

p a r a l l e l  to  t h e  X-axis w i t h  a v e l o c i t y  U .  De f in ing  t h e  

complex p o t e n t i a l ,  w ,  as 

where Z = X + i Y ,  t h e  v e l o c i t y  f i e l d  can  be obtaine 'd  by 

d i f f e r e n t i a t i n g  t h e  p o t e n t i a l  w i t h  r e s p e c t  t o  a c o o r d i n a t e  

d i r e c t  i o n ,  

Def in ing  t h e  complex v e l o c i t y  as t h e  n e g a t i v e  o f  t h i s  

d i f f e r e n t i a l  , 

where u and v are t h e  ve loc i t i e s  i n  t h e  X and Y d i r e c t i o n s ,  

r e s p e c t i v e l y .  For  t h e  case of un i fo rm f low p a r a l l e l  t o  t h e  

X-axis,  
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or 

w(Z) = -uz 

Consider  a c i r c u l a r  c y l i n d e r  of r a d i u s ’ R  p l a c e d  i n )  an  

a r b i t r a r y  f l o w  f i e l d  o f  complex p o t e n t i a l  f(Z). From the  

circle theorem of  Milne-Thomson (23), t he  complex p o t e n t i a l  

of the f l o w  around t h e  c y l i n d e r  becomes 

where f is  the complex con juga te  of f .  

c y l i n d e r  i n  a uni form f l o w  f i e l d ,  the complex p o t e n t i a l  i s  

For a c i r c u l a r  

w ( Z )  = u z + - ( $1 ( 3 6 )  

To t r a n s f e r  the r e g i o n  of flow i n  t h e  Z p l a n e  ou t -  

s i d e  t h e  c i r c u l a r  q - l n d e r  i n t o  a r e g i o n  o u t s i d e  an e l l i p -  

t i c a l  c y l i n d e r  i n  the z p l a n e ,  as shown i n  F i g u r e  A l ,  . t h e  

Joukowski t r a n s f o r m a t i o n  (23) shou ld  be a p p l i e d  t o  the above 

e q u a t i o n .  T h i s  t r a n s f o r m a t i o n  has the f o l l o w i n g  form, 

2 z = z + a z  C 

w h e r e  



X 

0 )  

z P l a n e  

F igu re  A I .  Geometry f o r  Joukowski t r a n s f o r m a t i o n  of f l o w  
o v e r  a c i r c u l a r  c y l i n d e r  t o  f l o w  o v e r  an  e l l i p t i c a l  
c y l i n d e r .  
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c 2  = a 2  - 
1, R = Zta T 

S o l v i n g  f o r  t h e  

1 2 = - ( z  f 2 

b2 

b )  

nverse t r a n s f o r m a t  

J Z Z  - c") 

.on , 

(37) 

and a p p l y i n g  t o  Equat ion  3 6 ,  t h e  f low f i e l d  o v e r  t h e  cir- 

c u l a r  c y l i n d e r  of  r a d i u s  R = ( a  + b ) / 2  i s  t ransformed i n t o  

f low o v e r  an  e l l i p t i c a l  c y l i n d e r  of  m a j o r  a x i s  2a a l i g n e d  

p a r a l l e l  t o  t h e  x -ax i s  and minor a x i s  2b a l i g n e d  w i t h  t h e  

y - a x i s ,  a s  i l l u s t r a t e d  i n  F igure  Al. 

Using t h e  p o s i t i v e  root of Equat ion  37, t h e  complex 

p o t e n t i a l  i n  the z p l a n e  becomes 

1 J 2  2 z - Jz I 381  
a + b  w ( z )  = - U ( a  + b) i"' - c  + 2 

Def in ing  an  o r thogona l ,  e l l i p t i c a l  c o o r d i n a t e  sys tem,  

( c , ~ ) ,  t h e  z p l a n e  can be  t ransformed i n t o  a more u s e f u l  

form. T h i s  c o o r d i n a t e  t r a n s f o r m a t i o n  from t h e  (x ,y )  v a r i -  

a b l e s  i n  t h e  z p lane  t o  (c,rl) i n  t h e  e l l i p t i c  p l a n e  is 

d e f i n e d  by 

z = x + i y  = c cosh + i o )  

or 
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(39) 

where t h e  l i n e s  of c o n s t a n t  6 are c o f o c a l  e l l iZses  w i t h  

major a x i s  p a r a l l e l  t o  t h e  x-axis,  and l i n e s  of  c o n s t a n t  q 

a r e  o r thogona l  hyperbolas .  I n  F i g u r e  A l ,  page 1 0 6 ,  t h e  l i n e  

5 = 5 ,  d e f i n e s  an e l l i p s e  w i t h  major a x i s  of l e n g t h  2.a and 

minor a x i s  of l e n g t h  2.b. From Equat ion  39 

x = c cosh 5 cos rl 

y = c s i n h  5 s i n  rl 

t h e r e f o r e  

2 a = c cosh 5, =G2 - b cosh 6, 

b = c s i n h  c o  - - G q  s i n h  5, 

(42) 

(43) 

From t h e  d e f i n i t i o n  of t h e  h y p e r b o l i c  f u n c t i o n s ,  Equat ions  

42 and 43 c a n  be combined as 
# 

a + b = c ( c o s h  C 0  + s i n h  6,) = ce'o (44) 

a - b = c(cosh 5, - s i n h  C 0 )  = ce -50 (45) 

I n t r o d u c i n g  Equat ions  39, 44, 45 and t h e  h y p e r b o l i c  i d e n t i -  

t i es  i n t o  Equat ion 38, t h e  complex p o t e n t i a l  f o r  f low o v e r  

an e l l i p t i c a l  c y l i n d e r  becomes 

c cosh(S+i r l )  + c cosh 2 ( S + i r l )  - c 2 v2 
5 0  ce 

w ( z )  = & ( a  + b ) (  

.'1 c cosh(S+ir l )  -vc 2 cosh 2 (S+iTI) - + 
ce -50 1 
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w ( z )  = U f a  + b) coshI5; + i n  - 5,) 

w ( z )  = (0 2- i$ = 2 ( a  + b) c o s h [ ( S  - E , )  + i n 1  ( 4 6 )  

Expanding and e q u a t i n g  -,he r e a l  and imaginary p a r t s ,  t h e  

stream function will be d e f i n e d  a s  

$ = Y!E + b) :sink 5 cosh 5; - cosh 5 s i n h  5,] s i n  n 
( 4 7 )  

0 

Using Equat ions  4 2  and 4 3  and expanding cosh 5, as an 

e x p o n e n t i a l  m d  h y p e r b o l i c  s i n e  t e r m ,  t h e  fo l lowing  r e l a t i o n  

i s  o b t a i n e d  for t h e  stream funct ion:  

Q = -Ubi? a -  e-' s i n  n + u a s i n h  5 s i n  11 ( 4 8 )  

Nondimens iona l iz ing  t h i s  equa t ion  by U and b and d e f i n i n g  a n  

e l l i p s e  a s p e c t  r a t i o  k = a/b, t h e  stream f u n c t i o n  becomes 

T h i s  r e l a t i o n s h i p  d e f i n e s  t h e  s t r e a m l i n e s  f o r  un i form 

p o t e n t i a l  f low ove r  an e l l i p t i c a l  c y l i n d e r .  

The v e l o c i t y  p o t e n t i a l  f u n c t i o n ,  4 ,  i s  s i m i l a r l y  

d e r i v e d  and i s  g iven  by t h e  fo l lowing  equa t ion :  
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Ub k - 1  + e-' cos rl + k2 - 1 cosh 5 cos rl (50) L= 

a+ as' S i n c e  t h e  v e l o c i t y  i n  any d i r e c t i o n ,  s, is  g iven  by - 
t h e  p o t e n t i a l  v e l o c i t y  can be ob ta ined  by d i f f e r e n t i a t i n g  

Equat ion 50 w i t h  r e s p e c t  t o t h e  d i r e c t i o n  of t h e  s t r e a m l i n e .  

However, it i s  more conven ien t  t o  c a l c u l a t e  t h e  v e l o c i t y  

a long  t h e  s t r e a m l i n e  i n  terms of the  o r thogona l  e l l i p t i c  

c o o r d i n a t e s  (6 , r - l ) .  

Cons ider  an inc remen ta l  d i s t a n c e ,  ds ,  a long  t h e  

s t r e a m l i n e  as shown i n  F igu re  A2 i n  t e r m s  of t h e  C a r t e s i a n  

c o o r d i n a t e s  ( x , y ) .  

S ince  under t h e  e l l i p t i c  t r a n s f o r m a t i o n ,  

Equat ion 51  becomes 

or  

where E ,  F and G aye s c a l i n g  factors d e f i n e d  by 

I 2  2 
E = + [si 
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X x + dx 

F i g u r e  A2. The r e l a t i o n s h i p ,  of d i f f e r e n t i a l  d i s t a n c e s  in 
Cartes ian  and e l l i p t i c  coord inates .  
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For an o r t h o g o n a l  systen?, F = G; t h e r e f o r e ,  

( d s ) *  = E(d5l2 + G ( d q )  2 

Along a c u r v e ,  rl = q,,  dn = 0 .  

d s  = fi dc t n  -= I,) 

(54)  

(55 )  

For conformal  t r a n s f o r m a t i o n s ,  t h e  s c a l i n g  at p o i n t  must 

b e  t h e  same ir! a l l ,  d i r e c t i o n s ,  c o r s e q u e n t l y ,  

and 

(56)  

From Equa t ions  56 and 57 t h e  v e l o c i t y  components i n  

t h e  p o s i t i v e  5 and rl d i r e c t i o n s  as shown i n  Figclre A 3  are  

g i v e n  by 
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$=const ant 

Figure A3. Potential ve loc i ty  components in e l l i p t i c a l  
coordinates. 
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F r o m  E q u a t i o n s  50 and 53, t h e s e  e q u a t i o n s  become 

5 =  U 1 [-(pi e-' cos r\ 
2 2 2 2 U 

d s i n h  5 cos n + cosh 5 s i n  n \  

+ 7/;cT-,i s i n h  5 cos rl i 
I 

(60) 

1 e-& s i n  rl 
U $!= 

$ X 2 n  + cosh  2 5 s i n  2 r l L  

1 + v G  cosh 5 s i n  rl (611 

Equat ions  4 9 ,  59 and 6 1  de t e rmine  t h e  p o t e n t i a l  s o l u t i o n  f o r  

f low over an e l l i p t i c a l  c y l i n d e r .  

128 



APPENDIX B 

UNIFORM POTENTIAL FLOW PAST AN ELLIPTICAL 

CYLINDER WITH F I X E D  VORTICES 

Cons ider  a c i r c u l a r  v o r t e x  of  r a d i u s  A r o t a t i n g  i n  a 

s t a t i o n a r y ,  i n v i s c i d ,  i r r o t a t i o n a l ,  i n c o m p r e s s i b l e  f l u i d .  

Loca t ing  circles c o n c e n t r i c  wi th  t h e  v o r t e x  of r a d i u s  r’  < A  

and rr’ > A, Stokes  c i r c u l a t i o n  theorem (23) can be a p p l i e d  

t o  o b t a i n  the v e l o c i t y  of t h e  f l u i d  on t h e s e  circles, 

1 uAL s = z r ”  r” > A 

where w is the v o r t i c i t y  of t h e  f l u i d  i n s i d e  o f  t h e  v o r t e x .  

Therefore, t h e  e x i s t e n c e  of a v o r t e x  i n  an  i n v i s c i d  f l u i d  

i n d u c e s  a v e l o c i t y  f i e l d  i n  t h e  r e g i o n  around it w i t h  the 

magnitude a? t h e  induced v e l o c i t y  i n v e r s e l y  p r o p o r t i o n a l  t o  

t h e  r a d i a l  d i s t a n c e  f r o m  the c e n t e r  of t h e  v o r t e x  and 

d i r e c t e d  p e r p e n d i c u l a r l y  t o  t h i s  r a d i u s .  The f l u i d  w i t h i n  

t h e  v o r t e x  rotates as a r i g i d  body w i t h  a v e l o c i t y  propor-  

t i o n a l  t o  t h e  radial  d i s t a n c e .  I t  is i m p o r t a n t  t o  n o t e  t h a t  

t h e  v o r t e x  canno t  induce  motion a t  i ts  c e n t e r ,  imply ing  that  

a c i r c u l a r  v o r t e x  i n  a n  und i s tu rbed  f l u i d  w i l l  remain f i x e d  

a t  i t s  i n i t i a l  p o s i t i o n .  

Cons ide r ing  a c i r c u l a r  v o r t e x  c e n t e r e d  at t he  o r i g i n  
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i n  t h c  c o n ~ p l ~ c x  Z Ijlanc, the v e l o c i t y  f i e l d  induced t o  a 

s t a t i o n a r y  f l u i d  i s  g iven  by 

which expres sed  i n  t e r m s  of a complex v e l o c i t y  is  

I n t e g r a t i n g  t h i s  e q u a t i o n  r e s u l t s  i n  t h e  complex p o t e n t i a l ,  

w,  f o r  f low about  a f i x e d  v o r t e x .  

w ( 2 )  = f iuA2 Rn 2 

Cente r ing  t h e  v o r t e x  a t  an a r b i t r a r y  p o i n t  zo and d e f i n i n g  a 

1 2  c i r c u l a t i o n  s t r e n g t h  K = -A w, b e i n g  p o s i t i v e  i n  t h e  coun te r -  2 

clockwise d i r e c t i o n ,  t h e  complex p o t e n t i a l  becomes 

The r o t a t i o n a l  core of t h e  v o r t e x  can be reduced t o  a 

s i n g u l a r i t y  a t  t h e  c e n t e r  by c o n s i d e r i n g  t h e  concept  of a 

v o r t e x  f i l a m e n t .  Taking t h e  l i m i t  as t h e  r a d i u s  of the 

v o r t e x  decreases t o  zero and t h e  v o r t i c i t y  approaches  

i n f i n i t y ,  such  t h a t  t h e  p roduc t  A w remains c o n s t a n t ,  t h e  

c i r c u l a r  v o r t e x  d e g e n e r a t e s  t o  a p o i n t  w i t h  the e x t e r n a l  

f l o w  f i e l d  s t i l l  g iven  by Equa t ion  62. 

Cons ider  a p a i r  of v o r t e x  f i l a m e n t s  o f  e q u a l  s t r e n g t h s  

b u t  o p p o s i t e  r o t a t i o n s  as shown i n  F i g u r e  A4, located a t  
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i Y  

Figure A 4 .  Stat ionary  i n v i s c i d  vortices behind a c i r c u l a r  
c y l i n d e r .  
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c o n j u g a t e  p o i n t s  Z 

l Z l  = A .  

t h e  absence  of t h e  c y l i n d e r  i s  g i v e n  by Equat ion  6 1  as t h e  

sum of the p o t e n t i a l s  due t o  each  v o r t e x  r o t a t i n g  a l o n e  i n  

an i n f i n i t e ,  u n d i s t u r b e d  f l u i d .  I f  t h e  motion of t h e  f l u i d  

i s  due s o l e l y  t o  t h e  vort ices ,  t h e  c i rc le  theorem g i v e s  t h e  

p o t e n t i a l  f o r  f l o w  around t h e  c y l i n d e r  as 

and zl o u t s i d e  a c i r c u l a r  c y l i n d e r  1 

The complex p o t e n t i a l  of t h e  v o r t e x  combina t ion  i n  

Expanding t h e  l o g a r i t h m s  of Equa t ion  63,  t h e  p o t e n t i a l  

becomes 

or  

The t e r m s  of t h e  above e q u a t i o n  I represent ,  r e s p e c t i v e l y ,  t h e  

p o t e n t i a l  of  t h e  v o r t e x  f i l a m e n t s  a t  A and B,  t h e  images of 

these  vortices a t  t h e  i n v e r s e  p o i n t s  A' and B' i n s i d e  the 
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c y l i n d e r ,  p l u s  a c o n s t a n t  t e r m .  

S i n c e  a v o r t e x  cannot  induce v e l o c i t y  a t  i t s  c e n t e r ,  

the  motion of a v o r t e x  system i s  a f u n c t i o n  o f  the combined 

v e l o c i t y  f i e l d s  of a l l  s o u r c e s ,  s i n k s ,  and o t h e r  v o r t i c e s  i n  

a f l u i d  r e g i o n .  From Equat ion 63, the complex v e l o c i t y  of  

t h e  v o r t e x  a t  A can  be  c a l c u l a t e d  by c o n s i d e r i n g  a l l  c o n t r i -  

b u t i o n s  t o  the  flow e x c e p t  from t h e  v o r t e x .  The re fo re ,  

e l i m i n a t i n g  t h e  f i r s t  term of Equat ion 64  t h e  complex 

p o t e n t i a l  of t h e  v o r t e x  a t  A i s  g iven  by 

Adding a uniform v e l o c i t y  f i e l d ,  U ,  d i r e c t e d  i n  t h e  

p o s i t i v e  X-d i r ec t ion ,  t o  t h i s  f low f i e l d  around t h e  c y l i n d e r ,  

t h e  complex p o t e n t i a l  a t  A becomes 

= -,I2 + i u h  (66) 

The complex v e l o c i t y  at A is  t h e n  o b t a i n e d  from t h e  above 

r e l a t i o n  by d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  2 and s e t t i n g  

2 = Z1' 

T o  f i x  t h i s  v o r t e x  a t  p o i n t  A, t h e  v e l o c i t y ,  vA, must 

v a n i s h .  Applying t h e s e  c o n d i t i o n s  t o  Equat ion  66 and 
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eximnd i ncj 

- 2 2 2 (Z1 - A ) (Z1Z1 - A 2 )  + A (Z1 - Z1) 
U [ l  - e] = i K  (Zlzl - A 2 ) (Z1 - zl) (2: - A) 

d i v i d i n g  bo th  sides o f  t h i s  e q u a t i o n  by t h e  c o n j u g a t e  of 

Equat ion  65 and s i m p l i f y i n g ,  t h e  c o n d i t i o n  f o r  a f i x e d  

v o r t e x  a t  A becomes 

Expres s ing  Equa t ion  67. i n  p o l a r  form, Z1 = re ie it becomes 

2 2  2 if3 -i8 2 
+ r ( r e  - r e  1 = O  ( r2  - A 

2 4 2 2 ( r2  - A = - 4 r  s i n h  ( 1 8 )  = - 4 i 2 r 4  s i n  8 

2 r2 - = 2 r  s i n  e 

R e f e r r i n g  t o  F i g u r e  A 4 ,  page 1 1 7 ,  Equa t ion  68 y i e l d s  t h e  

f o l l o w i n g  c o n d i t i o n  f o r  a s t a t i o n a r y  v o r t e x  a t  A: 

( 6 9 )  
- AA' = AB 

I n  a d d i t i o n ,  Equat ion  68 relates t h e  s t r e n g t h  of t h e  v o r t e x  

a t  A t o  i t s  p o s i t i o n  by 

5 K =  

r A (70) 
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S i n c e  the f l o w  is  symmetric t o  the X-axis, s i m i l a r  condi-  

t i o n s  app ly  t o  the v o r t e x  f i l a m e n t  a t  B. 

The complex p p t e n t i a l  f o r  f l o w  of the uniform stream 

U o v e r  a c i r c u l a r  c y l i n d e r  w i t h  f i x e d  vortices behind  is 

o b t a i n e d  by adding  the term -iKRn(Z - Z1) fo r  t h e  v o r t e x  at 

A t o  Equat ion  66, r e s u l t i n g  i n  

To i n c l u d e  v o r t i c e s  i n  the f l o w  f i e l d  ups t ream of t h e  

c i r c u l a r  c y l i n d e r  a t  p o s i t i o n s  Z2 and F2, s i m i l a r  l o g a r i t h m i c  

terms must be added t o  t h e  above e q u a t i o n  y i e l d i n g  a complex 

p o t e n t i a l  of the f o l l o w i n g  form: 

A -  

I n t r o d u c i n g  the  complex c o o r d i n a t e s ,  Z = X + i Y ,  i n t o  the 

above e q u a t i o n  and s e p a r a t i n g  the real and imaginary p a r t s  

r e s u l t s  i n  the f o l l o w i n g  r e l a t i o n  f o r  the nondimensional  

stream f u n c t i o n :  
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2 2 - h [ ( x  - xl) + *(Y - Y1) I - Rn 

- - 2x2 2i' + [y - 
x2 + y2 x;: y;J 

Differentiating the stream function with respect to the X- 

and Y-directions provides the components of the velocity 

vector, 

-a!  
ay u =  

.?!k ax v =  

( 7 3 )  

( 7 4 )  

where 



These e q u a t i o n s  t o g e t h e r  w i t h  Equat ion  72 d e f i n e  t h e  i n v i s -  

c i d  s t r e a m l i n e s  and v e l o c i t i e s  over the c i r c u l a r  c y l i n d e r  

w i t h  s t a t i o n a r y  v o r t i c e s  upstream and downstream i n  a 

uniform f l o w  f i e l d .  

-, 

Applying t h e  Joukowski transfornation converts t h i s  

r e g i o n  o f  t h e  f l o w  o u t s i d e  t h e  c i r c u l a r  c y l i h d e r  i n  t h e  2 

p l a n e  t o  a r e g i o n  o u t s i d e  an e l l i p t i c a l  c y l i n d e r  i n  the 2 

p l a n e  , 

2 z = z + m  C 

w h e r e  

I n  terms o f  t h e  c o o r d i n a t e  direction, 

L a - bL 
4 ( X  + i y )  x + i y  = X + i y  + 

Nondimens iona l iz ing  by t h e  l e n g t h  of the minor a x i s  2 b 

and d e f i n i n g  an e l l i p s e  a s p e c t  ra t io ,  k = a/b, 

x = x +  (k2  - 1) x 
x2 + Y2 

(k2 - 1) Y y = Y -  
x2 + Y 2  

(75) 

( 7 6 )  

Applying the t r a n s f o r m a t i o n  g iven  by Equa t ions  75 and 

76 to t h e  e x p r e s s i o n  f o r  t he  stream f u n c t i o n  of Equat ion  72 
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and t h e  e q u a t i o n s  f o r  t h e  p o t e n t i a l  v e l o c i t y  of Equations 73 

and 7 4  g i v e s  t h e  s o l u t i o n  f o r  i n v i s c i d  flow over  an  e l l i p -  

t i c a l  c y l i n d e r  w i t h  f i x e d  v o r t i c e s .  
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W P E N D I X  C 

- - -  - 
n ( n  - v )  dum dG - c  - - e -  (77) 

where t h e  b a r  i n d i c a t e s  d imens iona l  q u a n t i t i e s .  The 

139 

THE CONSERVATION O F  EDDY VISCOSITY 

A m a j o r i t y  of t h e  methods used  for  i n c o r p o r a t i n g  the 

effect  of t u r b u l e n c e  on t h e  boundary l a y e r  have b a s i c a l l y  

relied on t h e  mixing l e n g t h  theo ry  as an e m p i r i c a l  r e l a t i o n -  

s h i p  between t h e  t u r b u l e n t  v i s c o s i t y  and t h e  mean f l o w  

pa rame te r s .  A more r e c e n t  concept ,  proposed by N e e  and 

Kovasznay i n  (211, i s  based to  a g r e a t e r  e x t e n t  on t h e  

p h y s i c a l  mechanism invo lved  wi th  t u r b u l e n t  i n t e r a c t i o n  by 

c o n s i d e r i n g  t h e  eddy v i s c o s i t y  as a p r o p e r t y  of the  f l o w  

which is conserved d u r i n g  t u r b u l e n t  motion w i t h i n  t h e  

boundary l a y e r .  

I n  d e s c r i b i n g  t h e  d i s t r i b u t i o n  of t h e  t u r b u l e n t  s h e a r  

th rough t h e  boundary l a y e r ,  t h e  momentum e q u a t i o n  relates 

t h e  Reynolds '  stress t o  t h e  p rocesses  associated w i t h  con- 

v e c t i o n ,  d i f f u s i o n ,  p roduc t ion  and d i s s i p a t i o n .  Assuming 

t h a t  t h e  eddy viscosity i s  conserved d u r i n g  the exchanges of 

momentum involved  w i t h  t h e s e  p r o c e s s e s ,  t h e  f o l l o w i n g  t r a n s -  

p o r t  e q u a t i o n  has  been proposed 



v a r i a b i o  r i  is tlie :ium o J  the molecular and eddy v i s c o s i t i e s ;  

a ,  b and c are e m p i r i c a l l y  de te rmined  b u t  u n i v e r s a l  con- 

s t a n t s ;  and r' i s  a l e n g t h  scale associated w i t h  t h e  d i s s i -  

p a t i o n  of  t u r b u l e n c e  which i s  e q u i v a l e n t  t o  t h e  normal 

d i s t a n c e  from a s o l i d  boundary for t u r b u l e n t  s h e a r  flows. 

Nondimensional iz ing t h i s  e q u a t i o n  r e s u l t s  i n  t h e  

fo l lowing  n o n l i n e a r ,  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  f o r  the 

eddy v i s c o s i t y :  

b E ( E  + 1) - - c e ( s  + 1) -- duel:;/ 
Re z 2 R e  2 dx 

- -  
'e ( 7 8 )  

The boundary c o n d i t i o n s  which apply  t o  t h i s  e q u a t i o n  

w i l l ,  of c o u r s e ,  vary  w i t h  t h e  f low s i t u a t i o n  cons ide red ,  

b u t  f o r  t h e  normal boundary l a y e r  problem w i t h  an i n v i s c i d ,  

t u r b u l e n c e - f r e e  e x t e r n a l  f low,  t h e  f o l l o w i n g  c o n d i t i o n s  

apply  a t  t h e  boundar ies :  

€ ( X , O )  = 0 

The s o l u t i o n  of t h i s  e q u a t i o n  a l so  r e q u i r e s  an i n i t i a l  con- 

d i t i o n  on the eddy v i s c o s i t y .  One p o s s i b i l i t y  i s  t o  app ly  

some type  of mixing l e n g t h  model t o  an i n i t i a l  v e l o c i t y  

p r o f i l e .  

Numerical s o l u t i o n .  S i n c e  t h e  eddy c o n s e r v a t i o n  
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e q u a t i o n  and t h e  momentum e q u a t i o n  are coupled  through t h e  

convec t ion  and t h e  d i s s i p a t i o n  terms , r e s p e c t i v e l y  , t h e  t w o  

s o l u t i o n s  must be o b t a i n e d  s imul t aneous ly  through an 

i t e r a t i v e  t echn ique .  Applying an i m p l i c i t  f i n i t e  d i f f e r e n c e  

method similar t o  t h e  s o l u t i o n  of t h e  boundary l a y e r  equa- 

t i o n ,  r e s u l t s  i n  a sys tem of a l g e b r a i c  e q u a t i o n s  which can 

be s o l v e d  by the i n v e r s i o n  of t h e  t r i d i a g o n a l  c o e f f i c i e n t  

m a t r i x .  

The c o n s e r v a t i o n  equa t ion  i s  l i n e a r i z e d  by t h e  

v e l o c i t y  p r o f i l e s  c a l c u l a t e d  along t h e  p r e v i o u s  x - s t a t i o n .  

Applying the above numer ica l  s o l u t i o n ,  t he  eddy p r o f i l e  i s  

used t o  r e - e n t e r  t h e  momentum e q u a t i o n  and s o l v e  for the  

v e l o c i t y ,  i t e r a t i n g  on this procedure u n t i l  t h e  s o l u t i o n s  

for t h e  v e l o c i t y  and eddy v i s c o s i t y  converge.  

An a t t e m p t  has been made t o  i n c o r p o r a t e  the concept  

of c o n s e r v a t i o n  of eddy v i s c o s i t y  i n t o  t h e  t u r b u l e n t  boundary 

l a y e r  model, b u t  problems i n  o b t a i n i n g  a s a t i s f a c t o r y  i n i t i a l  

eddy p r o f i l e  l e a d i n g  t o  convergence of t h e  s o l u t i o n  and 

i n s u f f i c i e n t  t i m e  t o  i n v e s t i g a t e  t h e  p o s s i b i l i t i e s  of this 

method, have p reven ted  any meaningful  r e s u l t s  or e v a l u a t i o n s  

of t h i s  t heo ry .  
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